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Clogging of Granular Hopper Flows
Abstract
This work focuses on the clogging of granular materials. Dynamic arrest in granular systems continues to elude
a comprehensive description. We consider gravity-driven flow from a hopper as a quintessential example of a
system that can spontaneously evolve from a freely flowing state to a jammed state. However, the nature of
clogging remains poorly understood. A key point of debate is whether there exists a critical opening size Dc,
for which when the opening size D > Dc, the flow never clogs. There has been little consensus about what
material or hopper properties govern the clogging probability. To lay these issues to rest, we have investigated
clogging through multiple approaches. We present several findings in this work. First, we demonstrate that
clogging of hard granular media is controlled solely by an effective area Aeff, which is a function of the
opening area and orientation. Second, we show that clogging is a Poisson process with a sampling rate set by
the grain diameter and the effluent velocity. Finally, we show that in this picture, the only requirement for clog
formation is for all of the grains in a region near the exit to be sufficiently “pre-clogged”. Clogging becomes
highly unlikely for large openings simply because the number of grains which are required to be pre-clogged
grows as D^alpha, where alpha is the system dimensionality. In a separate track, we have investigated the
dynamics of granular flows, both with D < Dc and D > Dc. We find that the flow becomes more intermittent,
with higher effective granular temperature, when it is more prone to clogging. However, we find no evidence
of a clogging transition in the velocity fluctuations or intermittency. Indeed, the intermittency does not exhibit
a diverging time scale as might be expected from a jamming or glass transition. Instead, the time scale of flow
intermittencies is set entirely by the rate at which the flow samples for stable configurations.
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ABSTRACT
CLOGGING OF GRANULAR HOPPER FLOWS
Charles C. Thomas
Douglas J. Durian
This work focuses on the clogging of granular materials. Dynamic arrest in granular systems
continues to elude a comprehensive description. We consider gravity-driven flow from a hopper as
a quintessential example of a system that can spontaneously evolve from a freely flowing state to a
jammed state. However, the nature of clogging remains poorly understood. A key point of debate
is whether there exists a critical opening size Dc, for which when the opening size D > Dc, the flow
never clogs. There has been little consensus about what material or hopper properties govern the
clogging probability. To lay these issues to rest, we have investigated clogging through multiple
approaches. We present several findings in this work. First, we demonstrate that clogging of hard
granular media is controlled solely by an effective area Aeff , which is a function of the opening
area and orientation. Second, we show that clogging is a Poisson process with a sampling rate
set by the grain diameter and the eﬄuent velocity. Finally, we show that in this picture, the only
requirement for clog formation is for all of the grains in a region near the exit to be sufficiently
“pre-clogged”. Clogging becomes highly unlikely for large openings simply because the number of
grains which are required to be pre-clogged grows as Dα, where α is the system dimensionality.
In a separate track, we have investigated the dynamics of granular flows, both with D < Dc
and D > Dc. We find that the flow becomes more intermittent, with higher effective granular
temperature, when it is more prone to clogging. However, we find no evidence of a clogging
transition in the velocity fluctuations or intermittency. Indeed, the intermittency does not exhibit
a diverging time scale as might be expected from a jamming or glass transition. Instead, the
time scale of flow intermittencies is set entirely by the rate at which the flow samples for stable
vi
configurations.
vii
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1.1 Material properties and clogging results for the grains tested. The long and short
axes are denoted d and dshort, respectively. The bulk density is ρb and the draining
angle of repose is θr. The value k is the dimensionless hole size where the Beverloo
equation [Eq. (1.2.1)] predicts the flux to vanish. The dimensionless critical aperture
sizes at zero tilt, Dco/d, for both the circular hole and rectangular slit are also shown
below. Note that for all materials Dco/d > k. Error bars for d and dshort indicate
the standard deviations of the distributions. For the other material properties, error
bars indicate the standard error in the measurements. . . . . . . . . . . . . . . . . 8
2.1 The mean grain diameter d, the bulk density ρ, and the draining angle of repose
θr for the grains tested. Errors for d indicate the standard deviations of the distri-
butions. For the other material properties, error bars indicate the standard error
in the measurements. The error bars plotted in all figures reflect the propagated
uncertainty in grain properties, uncertainties in hole diameter (ranging from 0.013
to 0.2 mm in each dimension), uncertainty of ±0.5◦ in tilt angle, and uncertainty
in 〈m〉 based on m values for 10 or more discharge events. . . . . . . . . . . . . . . 29
x
2.2 Tabulation of the values of ` and Ag determined for non-spherical particles from the
fits found in Fig 2.8. The values of d and dshort, measured directly, are also included
for comparison. Also calculated is the expected value of Ag given the known values
of d and dshort for the different materials. . . . . . . . . . . . . . . . . . . . . . . . 46
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diameter D/d, where W is the mass discharge rate, ρb is the bulk density of the
packing, g = 9.8 m/s2, and d is the grain diameter as labeled. The data for the
d = 2 mm spheres are new, while the other data are taken from Ref. [60]. The fit
to the Beverloo form, Eqs. (1.2.1) and (1.2.2), gives C = 0.56 and k = 1.5, and is
shown a solid gray curve (a) and line (b). The shaded region to the left of D/d = 4.5
indicates where the system is susceptible to clogging . . . . . . . . . . . . . . . . . 10
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circular hole and (b) d = 1 mm diameter glass spheres from a rectangular slit, at zero
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distribution. The distribution for the circular holes is similar to an exponential; for
the rectangular slit it is somewhat sharper than an exponential. These distributions
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Introduction
This dissertation concerns the clogging of granular media. Clogging occurs when the dense flow
of granular materials through a bottleneck abruptly seizes up, and the entire flow stops. Un-
derstanding this behavior provides insight into many important areas of research. It illuminates
our picture of granular materials generally, and dense granular flows in particular. It also has
the potential to advance our knowledge of the jamming transition, especially shear jamming and
jamming fronts.
Granular media, broadly considered, are any macroscopic, dissipative materials where the
temperature on the microscopic scale is very small in comparison with the macroscopic scale which
dominates the behavior [25]. They are an ideal material for studying far-from-equilibrium physics.
Detailed information about both particle velocities [10] and stresses [38] are readily accessible in
experimental systems. They are abundant in industry and geology, and there is already a rich
body of work describing their behavior (e.g., Ref. [45]). In these “zero-temperature” systems,
we often define a granular temperature, which may be determined in any manner of methods [1].
Granular materials can have complex interactions, including fluid-mediated effects [66,75], or inter-
particle cohesion [56]. For this dissertation I consider only granular materials where the dominant
interactions are hard-sphere repulsion and inter-particle friction. Future work may extend these
general results to those more complicated interactions.
Dense granular flows are important for probing the jamming transition. The jamming phase
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diagram is a unified picture that has been proposed for understanding the dynamic arrest that
occurs in disordered media [5, 35]. Disordered systems have three axes along which they may
approach a jammed state: shear stress, packing fraction, and temperature. In dense granular
flows, the applied stress (as in a heap flow [30]) can be continuously varied. Some granular flows,
however, are special: they lie on the threshold of the jamming transition, and, given enough time,
will eventually jam. This occurs most visibly in the bottleneck flow of granular hoppers.
In the bottleneck flows of granular hoppers, grains flow through an exit. The flow rate may
fluctuate over time. However, at some point without warning, the flow may spontaneously stop
as a stable clog forms over the exit. A jamming front propagates upward throughout the hopper
and very quickly the entire flow is stopped. Iker Zuriguel recently conducted an excellent survey
of the work on such flows in Ref. [77].
This thesis addresses three key questions regarding clogging: (1) What controls clogging? (2)
Can we prevent clogging? (3) Can we tell when a clog is about to occur? We show that clogging
is controlled by an effective area set by the geometry of the aperture. Further evidence suggests
that clogging is always possible. And finally, as clogging is a Poisson process, there can be no
advance notice of a clog more than the typical sampling time.
A small clarification of terminology must first be addressed. Throughout this dissertation,
when I refer to hoppers, I describe any container with an opening in its bottom or side. (Some
authors distinguish between silos as containers with flat walls and hoppers as those with angled
walls). Furthermore, all the experiments described herein are done only with flat walls. Hoppers
with mildly angled walls should behave similarly, but it is possible that the statistics of clogging
becomes pathological when the walls are steeply sloped [59].
This dissertation is organized as follows: first, I will describe experiments which reduce the
likelihood of clogging for various system geometries to a simple key quantity: the effective area
Aeff . These experiments were done in the context of locating a clogging phase diagram marking
regimes which never clog and regimes which will always clog. We now regard this transition as
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somewhat of a misnomer, and instead claim that all hoppers will clog in some finite time. In
the second, central part of this dissertation, I present experimental work and a model which fully
describes the clogging phenomenon as a Poisson process with independently-acting grains near
the exit. As a consequence of this work, we believe that a clog can never be predicted within a
sampling time in advance, and that furthermore clogging is always possible. Finally, I present
preliminary work in support of the above claims based on the dynamics of granular flows. In the
context of that work I also provide a new measure for quantifying intermittency which should be
generally applicable to a wide range of dynamic systems which may switch between a continuum
of states.
3
Chapter 1
Effect of Geometry on Clogging
Abstract
We report the effects of system geometry on the clogging of granular material flowing out of flat-
bottomed hoppers with variable aperture size D, and with variable angle θ of tilt of the hopper
away from horizontal. In general, larger tilt angles make the system more susceptible to clogging.
To quantify this effect for a given θ, we measure the distribution of mass discharged between
clogging events as a function of aperture size and extrapolate to the critical size at which the
average mass diverges. By repeating for different angles, we map out a clogging phase diagram
as a function of D and θ that demarcates the regimes of free flow (large D, small θ) and clogging
(small D, large θ). We do this for both circular holes and long rectangular slits. Additionally,
we measure four types of grain: smooth spheres (glass beads), compact angular grains (beach
sand), disk-like grains (lentils), and rod-like grains (rice). For circular apertures, the clogging
phase diagram is found to be the same for all grain types. For narrow slit apertures and compact
grains, the shape is also the same as for circular holes when expressed in terms of projected area
of the aperture against the average flow direction. For lentils and rice discharged from slits, the
behavior is different and may be due to alignment between grain and slit axes.
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1.1 Introduction
Granular media are nonequilibrium, athermal systems that continue to evade a comprehensive
physical description [12, 18, 25]. One of the more intriguing properties of granular flow is the
phenomenon of clogging, where the flow is spontaneously arrested due to obstacles or boundaries [9,
17,19,21,23,42,44,67,69,80]. This can be seen in everyday life, whether as salt clogging in a shaker
or pedestrian traffic at a theater exit [22]. Understanding and controlling clogging is important for
industry and agricultural processing. In most applications, the goal is typically either to eliminate
clogging from a system entirely or to use clogging to control output volume, such as metering
a bit of salt from a shaker. Furthermore, clogging, together with fundamental questions about
the nature of the glass transition, has been responsible for motivating much of the rich field of
jamming (for reviews, see Refs. [36, 37]).
While most work on jamming focuses on spatially uniform systems, clogging behavior is deter-
mined by convergent flow toward an opening in the boundary. The sudden formation of a stable
arch over the exit halts all flow, and then the entire system is jammed. Other systems which
demonstrate clogging include the flow of vortices through an array of pinning sites in type-II su-
perconductors as well as grains flowing through an array of obstacles [7, 54, 55]. These systems
demonstrate a clogging transition which depends on the density of pinning sites and the packing
fraction of particles.
As a canonical example of clogging, we consider the discharge of grains from the circular
hole of diameter D located on the floor of a flat-bottomed hopper or silo. For three-dimensional
hoppers, it has been observed that the time scale whereby one must wait for grains to discharge
before a clog occurs diverges at a critical aperture size Dc [39, 78]. We understand this as a
clogging transition. For large apertures, D > Dc, the granular flow will never clog, while for the
small apertures, D < Dc, the flow proceeds steadily for a while but then eventually clogs. The
location of the clogging transition is, therefore, found at D = Dc. Zuriguel et al. [78] found the
5
value of Dc by measuring the average mass of grains discharged before a clog occurs, 〈m〉 as a
function of the exit hole diameter D. The value of D at which 〈m〉 diverges is, therefore, the
critical hole diameter Dc. They found for spherical grains that Dc scales with the grain diameter
d, as Dc/d = 4.94 ± 0.03. In their work, they did not see a dependence of Dc/d with either
grain surface roughness or polydispersity. However, they did observe that Dc/d depends on the
material shape. Additional work found that vibrating the entire hopper reduced Dc [39]. These
studies on the clogging transition for three-dimensional hoppers stand in contrast to similar work
with two-dimensional hoppers, where it was unclear whether the time to wait until a clog occurs
diverged at a finite hole size [28, 61, 62, 68]. For such geometries, the clogging behavior can be
equally well described by a diverging time scale [28,68] and an exponential [61,62] or exponential
squared [28,68] functions of D.
The formation of arches over a hole is affected by not only grain and hole sizes and shapes
but also by the angle θ at which the plane of the hole is tilted away from horizontal. Tilting thus
offers an alternative geometrical parameter that may be easily and continuously varied in order
to affect clogging behavior. This was explored by Sheldon and Durian [60], who measured both
the flux of discharging grains and the clogging behavior as a function of hole size and tilt angle.
In analogy to the start and stop heights for granular flow down inclined planes [51], they mapped
out a “clogging phase diagram” by continuously tilting the hopper and measuring the angles at
which flow spontaneously stops (for increasing tilt angle) and starts (for decreasing tilt angle).
Since this gave two critical angles for a given hole size, and since both could depend on tilt rate,
the clogging transition was not precisely located. Furthermore, the connection between these start
and stop angles and the critical aperture sizes of Refs. [28, 39,68,78] was not explored.
In this paper we map out the clogging phase diagram, determining a well-defined clogging tran-
sition in D−θ parameter space, for various hopper and grain geometries. We do this by observing
the values of D where there is a divergence in the mass of material discharged between clogging
events. This is similar to the method used in prior experiments, which were only performed for
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circular holes and at θ = 0 [39, 78]. The value of Dc found in those experiments describes the
location of the transition at θ = 0. We find Dc(θ = 0) to be in agreement with those values.
We measured the variation of Dc with θ and discovered that the location of this transition is in
agreement with the preliminary measure given by the start angles of Ref. [60]. We also map out
the clogging transition for a variety of material shapes and sizes (see Table 1.1) and two different
aperture shapes: a circular hole and a rectangular narrow slit. Remarkably, for circular holes, we
find that the shape of the clogging phase diagram is identical for all materials and that the shape
for holes and slits is the same for compact grains.
1.2 Experimental Details
We study clogging for a variety of granular materials: Potters 2 mm and A100 series glass spheres,
Ottawa sand (U. S. Silica), lentils, and basmati rice. Table 1.1 lists the relevant properties of
these grains, including the draining angle of repose θr, the bulk density of the granular packing
ρb, and the long d and short dshort axes of the grains. The maximum tilt angle, beyond which the
medium loses contact with the wall and no grains can exit, is θmax = pi − θr. We measure θr by
pouring the granular materials into a cylindrical container with a large circular hole in the center
of the flat bottom. After the discharge comes to completion, θr is measured as the angle which
the surface of the remaining grains makes with the horizontal.
To further characterize the grains, we also measure the mass discharge rate W versus hole
diameter D. The results are well described by the usual Beverloo equation,
W = Cρb
√
g(D − kd)5/2, (1.2.1)
= C[ρb
√
gd5](D/d− k)5/2, (1.2.2)
where C and k are dimensionless fitting parameters, and g = 9.8 m/s2 [4, 47]. For the d = 2 mm
glass spheres, discharge rate data are divided by ρb
√
gd5 and plotted versus D/d in Fig. 1.1, along
with prior data for two other sphere sizes [60]. All three data sets then collapse, as expected
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Table 1.1: Material properties and clogging results for the grains tested. The long and short axes
are denoted d and dshort, respectively. The bulk density is ρb and the draining angle of repose is θr.
The value k is the dimensionless hole size where the Beverloo equation [Eq. (1.2.1)] predicts the
flux to vanish. The dimensionless critical aperture sizes at zero tilt, Dco/d, for both the circular
hole and rectangular slit are also shown below. Note that for all materials Dco/d > k. Error
bars for d and dshort indicate the standard deviations of the distributions. For the other material
properties, error bars indicate the standard error in the measurements.
Material d (mm) dshort (mm) ρb (g/cm
3) θr k Hole Dco/d Slit Dco/d
Glass Spheres 2.02± 0.04 — 1.62± 0.01 23.5± 0.5◦ 1.5± 0.1 4.5± 0.2 —
Glass Spheres 0.96± 0.05 — 1.56± 0.02 20.0± 0.4◦ — — 1.68± 0.09
Ottawa Sand 0.77± 0.10 — 1.61± 0.06 33.6± 0.5◦ 1.7± 0.6 6.1± 0.8 2.1± 0.3
Basmati Rice 7.4± 0.5 1.48± 0.10 0.81± 0.04 34.2± 0.7◦ 0.8± 0.2 2.5± 0.2 1.31± 0.09
Lentils 5.7± 0.5 2.3± 0.2 0.83± 0.02 30.2± 0.6◦ 1.0± 0.4 2.8± 0.2 1.5± 0.1
8
from Eq. (1.2.2). The simultaneous fit to this equation is very good, as seen in the log-log plot of
Fig. 1.1(a) as well as in the linear plot of Fig. 1.1(b), where the dimensionless discharge rate is
raised to the 2/5 power, thus making the Beverloo form a straight line that vanishes at D/d = k.
The fitted value of k for the glass spheres is 1.5± 0.1, which is about three times smaller than the
dimensionless critical hole size Dc/d = 4.5 at which we find in later sections for the location of the
clogging transition. Note in Fig. 1.1 that the discharge data is smooth and continuous, in accord
with the Beverloo equation, on both sides of the clogging transition. One might have expected a
discontinuity in rate or slope at the transition, but this same continuous behavior is also observed
for the other grain types. Fitted values of k are collected in Table 1.1.
We investigate clogging through two aperture shapes: circular holes and narrow rectangular
slits. For circular holes we mount camera irises of adjustable diameter D on the bottom or sidewall
of a rectangular aluminum hopper with inner dimensions 9.5 × 9.5 cm2 and height 91 cm. For
θ < 60◦, we use the iris centered at the bottom of the hopper. For θ > 60◦, we instead use the
iris mounted on the sidewall at 5.0 cm above the bottom. The location of the aperture at various
locations along the bottom and sidewall was shown in Ref. [60] to have no effect on the rate
of discharge, provided that the top free surface of the granular medium is many hole diameters
aways from the aperture. Intuitively, this is because the discharge rate is not set by a hydrostatic
pressure but rather by the free-fall of grains from a broken transient arch. We confirmed that,
similarly, the location of the aperture on bottom versus sidewall does not affect the location of
the clogging transition. This can also be seen by the absence of any discontinuity or kink in the
clogging transition curve at θ = 60◦ (shown later, in Fig. 1.8).
We also investigate clogging for narrow rectangular slits of constant length 149 mm. For this,
a custom-made slit of adjustable width D is mounted on the bottom or side of a flat-bottomed
container. We bevelled the edges on the outside of the slit to ensure that the aperture wall
thickness does not affect the clogging behavior. For θ < 60◦ we use a hopper with inner cross-
section 28 × 20 cm2, height 23 cm, and with the slit mounted on the bottom of the hopper. For
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TABLE I. Material properties and clogging results for the grains tested. The long and short axes are denoted d and dshort, respectively. The
bulk density is ρb and the draining angle of repose is θr . The value k is the dimensionless hole size where the Beverloo equation [Eq. (1)]
predicts the flux to vanish. The dimensionless critical aperture sizes at zero tilt, Dco/d , for both the circular hole and rectangular slit are also
shown below. Note that for all materials Dco/d > k. Error bars for d and dshort indicate the standard deviations of the distributions. For the other
material properties, error bars indicate the standard error in the measurements.
Material d (mm) dshort (mm) ρb (g/cm3) θr k Hole Dco/d Slit Dco/d
Glass spheres 2.02± 0.04 — 1.62± 0.01 23.5± 0.5◦ 1.5± 0.1 4.5± 0.2 —
Glass spheres 0.96± 0.05 — 1.56± 0.02 20.0± 0.4◦ — — 1.68± 0.09
Ottawa sand 0.77± 0.10 — 1.61± 0.06 33.6± 0.5◦ 1.7± 0.6 6.1± 0.8 2.1± 0.3
Basmati rice 7.4± 0.5 1.48± 0.10 0.81± 0.04 34.2± 0.7◦ 0.8± 0.2 2.5± 0.2 1.31± 0.09
Lentils 5.7± 0.5 2.3± 0.2 0.83± 0.02 30.2± 0.6◦ 1.0± 0.4 2.8± 0.2 1.5± 0.1
similar to the method used in prior experiments, which were
only performed for circular holes and at θ = 0 [20,21]. The
value of Dc found in those experiments describes the location
of the transition at θ = 0. We findDc(θ = 0) to be in agreement
with those values. We measured the variation of Dc with θ and
discovered that the location of this transition is in agreement
with the preliminary measure given by the start angles of
Ref. [26]. We also map out the clogging transition for a variety
of material shapes and sizes (see Table I) and two different
aperture shapes: a circular hole and a rectangular narrow slit.
Remarkably, for circular holes, we find that the shape of the
clogging phase diagram is identical for all materials and that
the shape for holes and slits is the same for compact grains.
II. EXPERIMENTAL DETAILS
We study clogging for a variety of granular materials:
Potters 2 mm and A100 series glass spheres, Ottawa sand
(US Silica), lentils, and basmati rice. Table I lists the relevant
properties of these grains, including the draining angle of
repose θr , the bulk density of the granular packing ρb, and
the long d and short dshort axes of the grains. The maximum
tilt angle, beyond which the medium loses contact with the
wall and no grains can exit, is θmax = π − θr . We measure θr
by pouring the granular materials into a cylindrical container
with a large circular hole in the center of the flat bottom.
After the discharge comes to completion, θr is measured as the
angle which the surface of the remaining grains makes with
the horizontal.
To further characterize the grains, we also measure the mass
discharge rate W versus hole diameter D. The results are well
described by the usual Beverloo equation,
W = Cρb√g(D − kd)5/2, (1)
= C[ρb
√
gd5](D/d − k)5/2, (2)
where C and k are dimensionless fitting parameters and g =
9.8 m/s2 [28,29]. For the d = 2 mm glass spheres, discharge
rate data are divided by ρb
√
gd5 and plotted versus D/d in
Fig. 1, along with prior data for two other sphere sizes [26].
All three data sets then collapse, as expected from Eq. (2).
The simultaneous fit to this equation is very good, as seen in
the log-log plot of Fig. 1(a) as well as in the linear plot of
Fig. 1(b), where the dimensionless discharge rate is raised to
the 2/5 power, thus making the Beverloo form a straight line
that vanishes at D/d = k. The fitted value of k for the glass
spheres is 1.5± 0.1, which is about 3 times smaller than the
dimensionless critical hole sizeDc/d = 4.5 at which we find in
later sections for the location of the clogging transition. Note
in Fig. 1 that the discharge data is smooth and continuous,
in accord with the Beverloo equation, on both sides of the
clogging transition. One might have expected a discontinuity
in rate or slope at the transition, but this same continuous
behavior is also observed for the other grain types. Fitted values
of k are collected in Table I.
1
10
100
1000
10000
5 10 20
clogging transition at D/d = 4.5
d = 2 mm glass spheres
d = 0.3 mm (Sheldon & Durian)
d = 0.9 mm (Sheldon & Durian)
0.56[ D/d - 1.49 ]^(5/2)
W
 / 
[ ρ
b 
(g 
d5 )
1/
2  
] (a)
3 40
0
5
10
15
0 5 10 15 20
[0.56^(2/5)] [ D/d - 1.49 ]{ W
 / [
 ρ b
 
(g 
d5 )
1/
2  
] }2
/5
D/d
(b)
FIG. 1. (Color online) (a) Dimensionless discharge rate
W/(ρb
√
gd5) and (b) the same quantity raised to the 2/5 power
for glass beads as a function of dimensionless hole diameter D/d,
where W is the mass discharge rate, ρb is the bulk density of the
packing, g = 9.8 m/s2, and d is the grain diameter as labeled. The
data for the d = 2 mm spheres are new, while the other data are taken
from Ref. [26]. The fit to the Beverloo form, Eqs. (1) and (2), gives
C = 0.56 and k = 1.5 and is shown a solid gray curve (a) and line
(b). The shaded region to the left of D/d = 4.5 indicates where the
system is susceptible to clogging.
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Figure 1.1: (Color online) (a) Dimensionl s discharge ate W/(ρb
√
gd5), and (b) the same quan-
tity raised to the 2/5 power, for glass beads as a function of dimensionless hole diameter D/d,
where W is the mass discharge rate, ρb is e bulk density of the packing, g = 9.8 m/s
2, and d is
the grain diameter as labeled. The data for the d = 2 mm spheres are new, while the other data
are taken from Ref. [6 ]. The fit to the Beverloo form, Eqs. (1.2.1) and (1.2.2), gives C = 0.56
and k = 1.5, and is shown a solid gray curve (a) and line (b). The shaded region to the left of
D/d = 4.5 indicates where the system is susceptible to clogging
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θ > 60◦, we use a hopper with inner cross-section 22 × 14 cm2, height 30 cm, and with the slit
mounted on the sidewall of the hopper.
The clogging behavior of all four classes of materials was tested for both the hole and the slit.
However, the 2-mm glass spheres were only used with the circular hole and the A100 glass spheres
were only used with the slit. For the 2-mm spheres, we refilled the hopper during discharge. For
the other materials, we did not refill the hopper during flow, and restricted our maximum time
window to the time to nearly exhaust the entire hopper. In all cases, we ensured that the height
of the grains at the end of discharge was large compared to D. In such a limit, the discharge
behavior is independent of the filling height. Experiments [47] and simulations [2] confirm that
flux is generally independent of filling height as long as the height is larger than the hole size.
1.3 Discharge Distributions
As a prelude to measuring the clogging transition by use of the method in Refs. [28, 39, 68, 78],
now as a function of tilt angle, we must first characterize the distribution of the mass discharged
for a given hopper and grain geometry. To initiate flow from a clogged configuration, we break
the arch over the exit by gently poking it either with a wire (for holes) or stiff paper (for slits).
By repeating 10 or more times, we acquire statistics for the cumulative distribution, C(m), which
is the fraction of events with mass less than or equal to m. Figure 1.2 illustrates typical behavior
for glass spheres discharged at zero tilt angles through (a) holes and (b) slits of different sizes.
After scaling by the average discharged mass 〈m〉, the data for holes collapse nicely to a rising
exponential C(m/〈m〉) = 1−exp(−m/〈m〉), exhibiting no trend in hole diameter D. The discharge
distribution, which equals dC(m)/dm, is, therefore, exponential and it follows that the clogging
is a random Poisson process that occurs with some rate, independent of prior history. This agrees
with previous observations [27, 28, 39, 61, 62, 68, 78, 79]. For slits, in Fig. 1.2(b), the data do not
collapse as nicely as for holes but yet display no particular trend with slit width. The rise from
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Figure 1.2: (Color online) Cumulative distribution function C of mass discharged m, normalized
by the average mass 〈m〉 for a variety of hole diameters and slit widths D as labeled. Shown is
C(m/〈m〉) for (a) d = 2 mm diameter glass spheres discharged from a circular hole and (b) d =
1 mm diameter glass spheres from a rectangular slit, at zero tilt. The overlaid curve is the cumu-
lative distribution function for an exponential distribution. The distribution for the circular holes
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These distributions are typical for all angles and materials studied.
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Figure 1.3: (Color online) Standard deviation σ of the discharged mass as a function of the
average discharged mass 〈m〉 for the (a) circular hole and (b) rectangular slit. Symbol shapes
denote different grain types, with shading indicating the tilt angle θ/θmax. All aperture sizes D are
represented on the plots: for any given grain type and θ/θmax, 〈m〉 increases with hole diameter
or slit width D. The standard deviation is roughly proportional to the average. The expected
relationship for an exponential distribution is σ = 〈m〉, overlaid. The discharge distributions
through a slit are somewhat sharper than for an exponential distribution.
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zero to 1 is somewhat faster than exponential. This differs from a previous experiment for a wedge
hopper with a long narrow slit [59], where flow was initiated by jolting the hopper and where a
power-law distribution was observed.
The standard deviation σ of the discharged masses is a simple parameter for characterizing
the width of the distribution. Results for σ for all grain types and tilt angles are plotted versus
〈m〉 in Fig. 1.3 for (a) holes and (b) slits. For holes, the data span many orders of magnitude and
closely agree with σ = 〈m〉, which is the expectation for a Poisson process with an exponential
distribution. For slits, σ approach 〈m〉 for large 〈m〉, i.e., for large slit widths. For smaller slit
widths, σ < 〈m〉 holds and, hence, the discharge distribution is sharper than exponential, as seen
explicitly for the glass beads at θ = 0 in Fig. 1.2(b). In all cases, we thus find that the distribution
of discharged masses is exponential or sharper. Therefore, the average mass 〈m〉 can be determined
to within ±30% uncertainty from only 10 trials and used, next, to locate the clogging transition.
1.4 Clogging Transition
We now determine the location of the clogging transition by using the measurements of the average
discharged mass 〈m〉 for different values of the opening size D. Figure 1.4 shows how 〈m〉 grows
with aperture size for the various materials, all at θ = 0. For comparison, we have scaled 〈m〉
by ρbAd, where A is the aperture area, ρb is the material bulk density, and d is the long axis of
the grains (see Table 1.1). As such, the y axis represents, in units of d, the typical height of a
column of grains over the aperture that is discharged before a clog forms. As seen in the figure,
the average discharged mass 〈m〉 grows with D and does so faster than exponential in D or D2
(indicated by the dashed curves). Instead, the behavior can be well described as a power law of
Dc −D, with 〈m〉 diverging at a critical aperture size Dc:
〈m〉 = F
(Dc −D)γ , (1.4.1)
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Figure 1.4: (Color online) Dimensionless measure of the average mass discharged 〈m〉/(ρbAd)
before a clog occurs versus dimensionless aperture size D/d. A is the aperture area, ρb is the
material bulk density, and d is the long grain axis. For the circular hole, D is the hole diameter,
while for the rectangular slit, D is the width of the slit. Plotted are data for (a) the circular hole and
(b) the rectangular slit, for θ = 0. The average mass grows with D faster than exponential or even
exponential squared (indicated by the dashed curves). Instead, 〈m〉 versus D is better described by
the power-law of Eq. (1.4.1), shown by the solid curves that diverge at critical aperture sizes Dc,
indicated by the arrows. The exponents, γ, were adjusted as part of the fits and the values are
given in Fig. 1.5.
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Figure 1.5: (Color online) Exponents γ from fits to Eq. (1.4.1), versus θ/θmax, for (a) circular
holes and (c) long slits. The error bars δγ indicate the fitting confidence intervals. The average
values of γ, weighted by 1/(δγ)2, for θ/θmax < 0.8, and the uncertainty in the means, are γ =
4.8± 0.1 for circular holes and γ = 1.73± 0.04 for long slits. The cumulative distributions C(γ),
with ∆C(γ) increments proportional to 1/(δγ)2, are shown in (b) and (d) for holes and slits,
respectively. There, 80% of the weight lies within the ranges 5±1 and 2.0±0.5, as indicated by the
yellow shading. This provides a conservative estimate of the exponents and their uncertainties.
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Figure 1.6: (Color online) Average mass discharged versus aperture size D for glass spheres
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slits, respectively. Critical aperture sizes from these fits are indicated by arrows.
17
where F , Dc, and γ are fitting parameters [28, 39, 68, 78]. This contrasts with two-dimensional
hopper discharge, where the average discharged mass or duration can be fit well by Eq. (1.4.1)
but can equally well be described as growing exponentially with D [61, 62] or D2 [28, 68]. These
forms fail to be generally consistent with all the materials shown in Fig. 1.4, although all forms
fit the rice data.
For our system, we can determine the value of Dc by fitting the data to Eq. (1.4.1). Data
points far from the divergence are sometimes excluded, so all the remaining points above some
cutoff are well fit to the power-law form without noticeable systematics in the residuals. These
fits are overlaid as the solid curves in Fig. 1.4. With three free fitting parameters, the fit does not
converge for some materials at various values of θ. Therefore, we next describe our method for
determining the best value of γ to use for repeating these fits and finding final values for Dc(θ).
To determine the values of γ, we first fit the data for each material and θ to Eq. (1.4.1),
allowing γ to float as a free fitting parameter. Those fitted values of γ for which the fits converge
are shown in Figs. 1.5(a) and 1.5(c). The error bars δγ indicate the fitting confidence intervals.
The exponents are scattered over a range of about ±2 for holes and ±4 for slits. There may be
a downward trend at very high tilt angles, but for θ/θmax less than about 0.8 the scatter appears
random. The weighted average values of γ over that range is 4.8±0.1 for holes and 1.73±0.04 for
slits. The cumulative distributions of γ values, C(γ), with δ?C(γ) increments taken in proportion
to 1/(?γ)2, are plotted in Figs. 1.5(b) and 1.5(d). These show that 80% of the weight for the
two geometries is covered by γ = 5± 1 for holes and γ = 2.0± 0.5. So we take these as our final
best exponent values. Based on these results, we now repeat the fits to 〈m〉 ∝ 1/(Dc −D)γ using
fixed values of γ = 5 and γ = 2 for the holes and slits, respectively. This gives good fits to all the
materials and values of θ for which we have data. For example, Fig. 1.6 shows 〈m〉 versus D for
selected values of θ for the glass spheres, overlaid with fits to Eq. (1.4.1). This plot is typical for
all the angles and materials studied.
As a final remark for comparison, for three-dimensional hoppers γ = 6.9 ± 0.2 was found in
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Ref. [78] while γ = 7.6±0.5 and γ = 8.6±0.2 were found in Ref. [39] for vibrated and nonvibrated
hoppers, respectively. For a two-dimensional hopper, it was reported that 〈m〉 versus D could be
effectively described by both an exponential function of D2 and as a power law with γ = 11.2 [68]
and γ = 12.7± 0.1 [28].
1.5 Clogging Phase Diagram
We now map out clogging phase diagrams, which specify whether a given material flows freely or
is susceptible to clogging, as a function of aperture size and tilt angle. Specifically, we follow the
previous section in using Eq. (1.4.1) to fit for the critical hole sizes Dc at which the discharged
mass diverges for a range of different tilt angles between 0 and pi − θr. For glass spheres, the
results are collected in Fig. 1.7 for both (a) holes and (b) slits. This figure displays a field of data
points where, for a given {D, θ}, the value of the average discharged mass is indicated by the
shading. For a given tilt angle, the color darkens as D increases and a solid circle indicates the
extrapolated divergence at Dc found by fits to Eq. (1.4.1). The locus of Dc values are joined by
solid line segments and, thus, serve to separate the D− θ parameter space into two regions where
clogging does and does not occur. One can imagine other clogging phase diagrams, where axes
could be added to account for the effects of, e.g., vibration or other driving forces, but here we
focus only on clogging in the D − θ plane.
The qualitative shape of the clogging phase diagrams in Fig. 1.7 is the same for both circular
holes and narrow slits, since tilting makes a system more susceptible to clogging. For both, the
transition rises steeply since Dc is nearly constant for small tilt angles. For larger tilt angles,
greater than about 90◦, Dc increases rapidly and, intuitively, diverges as θ → pi−θr. The shape of
the transition for circular holes may be compared with the earlier measured from Ref. [60] based
on start and stop angles. As seen in Fig. 1.7(a), the locus of critical hole sizes matches quite nicely
with the locus of start angles. While this reinforces the validity of Ref. [60], more importantly it
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Figure 1.7: (Color online) Clogging phase diagram for glass spheres discharged from (a) circular
holes and (b) rectangular slits. The squares, shaded by the average discharged mass 〈m〉, indicate
locations in parameter space where data was collected. The solid circles show the location of the
critical hole diameters or slit widths Dc, as determined in Fig. 1.6. These values of Dc describe a
well-defined transition between the clogging and freely-flowing regimes. As indicated by the dotted
and dashed lines, respectively, the transition for the circular hole is near the angles where the flow
has been observed to spontaneously start and stop during continuous tilting of the hopper [60]. The
horizontal error bars on Dc/d represent uncertainty from the the power-law fits and the range of
acceptable γ values.
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Figure 1.8: (Color online) Clogging transition curves for all materials tested. We scale the tilt
angles θ by the maximum possible tilt angle for the materials θmax = pi − θr. We also normalize
the critical hole diameters and slit widths Dc by dividing by Dco, the value of Dc at θ/θmax = 0
(see Table 1.1 for values of θr and Dco/d for the various materials). In (a) the transition occurs
at the same location in parameter space for all materials. In (b), however, the location of the
transition depends on the material. An empirical fitting function that captures the behavior for
holes is specified in the legend of (a), and is included for comparison in (b); the fitting parameter
is β = 0.59± 0.02
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shows that the D − θ clogging phase diagram for a specific material and aperture geometry may
be confidently characterized in terms of start angles, which are far easier to measure than critical
hole sizes.
Next we investigate how clogging phase diagrams such as those in Fig. 1.7 are affected by the
geometry of the grains. As above, the locus of critical hole sizes Dc are found at a set of tilt angles,
now for sand, rice, and lentils. The various grain types have different sizes and different angles of
repose, which affect the location of the locus of clogging transitions in the D−θ plane. Therefore,
to scale this out and facilitate comparison, we normalize the aperture size by Dco, the critical
hole diameter or slit width at θ = 0, and we normalize the tilt angle by θmax = pi − θr. Values
of Dco are given in Table 1.1. The value for Dco is of order 3 times the Beverloo cut-off length
kD; however, the exact connection between these quantities and grain parameters is unclear. The
resulting scaled clogging phase diagrams for the four grain types are collected in Fig. 1.8 for (a)
holes and (b) slits. Remarkably, we find a very good collapse of the transition data for all four
grain types in Fig. 1.8(a) for circular holes. This suggests that the clogging phase diagram is
universal, independent of grain type. The shape is satisfactorily described by fit to the empirical
form
θ/θmax =
√
D −Dco
D − βDco , (1.5.1)
with β = 0.59±0.02. However, for the case of slits, plotting θ/θmax vs D/Dco as in Fig. 1.8(b) does
not cause collapse for the different grain types. The transition for lentils is close to the Eq. (1.5.1)
fit for holes, but the transitions for other grains have different forms.
Since there is no theory at present for the shape of the clogging transition curve, we attempt an
alternative empirical description to Eq. (1.5.1) based physically on consideration of the direction of
the average flow relative to the orientation of the aperture. Figure 1.9 shows a schematic diagram
of the system at two different tilt angles. All grains below the dashed lines inclined at θr above
horizontal always remain at rest. Only the grains above these lines may flow toward the aperture.
For those grains, the average flow direction is indicated by a unit velocity vector vˆ that bisects
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Figure 1.9: (Color online) Geometry of the unit vectors nˆ and vˆ, specifying the normal to the
plane of the aperture and the average flow direction, respectively, for cases that the tilt angle θ is
(a) less than, and (b) greater than, the angle of repose θr. The average flow direction is defined
by bisecting the region where the grains flow, i.e. so that the two angles labeled φ are equal.
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Figure 1.10: (Color online) Clogging transition curves for most materials and both aperture ge-
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y-axis is the component vˆ · nˆ of the average flow direction normal to the plane of the aperture
(see Fig. 1.9 for illustration defining these unit vectors). The solid curve is an empirical fitting
function; if allowed to float, the exponent is −1.84± 0.02.
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the region where flow occurs. As seen in Fig. 1.9, vˆ points straight down for θ < θr and is inclined
for θ > θr. This defines a projected aperture area as (Anˆ) · vˆ, where nˆ is the unit vector normal
to the plane of the aperture, also shown in Fig. 1.9. From the geometry in Fig. 1.9, the relevant
dot product is computed to be
vˆ · nˆ =

cos θ θ ≤ θr,
cos[(θ + θr)/2] θ ≥ θr
(1.5.2)
For both holes and slits, the projected area thus decreases the same way from A to zero as θ
increases from 0 to θmax = pi− θr. Therefore, we hypothesize that the propensity to clog increases
due to the reduction in projected area—not with respect to gravity but with respect to the average
flow direction. As a test, we replot in Fig. 1.10 the transition data from Fig. 1.8, now as vˆ · nˆ
versus A/Aco, where Aco is the critical aperture size at zero tilt. This causes collapse not just of
all transition data for holes but also for glass spheres and sand data for slits. For comparison with
future theories, one satisfactory empirical fit is to
vˆ · nˆ = [1 + ln(A/Aco)]−5/3 (1.5.3)
where the left-hand side is given by Eq. (1.5.2). For holes the leading behavior of this form is
θ ∝ √D/Dco − 1, the same as for Eq. (1.5.1). The good collapse for holes and slits means the
universality of the clogging transition is greater even than suggested by Fig. 1.8. The only two
exceptions are rice and lentils discharged from slits, which are the only instances where both grain
and aperture have well-defined axes. Thus, we speculate that orientational ordering of grains with
respect to the slit could cause the deviation from Eq. (1.5.3).
1.6 Conclusion
In this work, we measured the clogging behavior of four different noncohesive grain types from
circular holes and long narrow slits as a systematic function of both aperture size D and tilt angle
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θ. We find that the distribution of discharge events is nearly exponential in all cases and, hence,
can be well characterized by the average mass 〈m〉 discharged between clogging events. As the
aperture size is increased, we find that 〈m〉 grows as a power law of 1/(Dc−D) and, hence, diverges
at a finite critical aperture size Dc. The exponent depends on the aperture shape: γ = 5± 1 for
circular holes and γ = 2.0± 0.5 for slits. These exponent values are somewhat smaller than those
reported in the literature for two-dimensional hoppers [28,68] and three-dimensional hoppers with
circular holes [39, 78]. However, we are aware neither of prior work reporting γ for slits, nor of
any models for predicting the values of γ.
By measuring the critical aperture size for a wide range of tilt angles, we mapped out clogging
phase diagrams as a function of aperture size D and hopper tilt angle θ. In other words, we
measured the curves in {D, θ} parameter space that specify whether a particular system is free
flowing forever or susceptible to clogging. Remarkably, we find that the shape of these curves
exhibits a certain universality. For circular holes, the shape is independent of grain shape when θ
is scaled by θmax = pi − θr and D is scaled by the critical diameter at zero tilt. For long slits and
compact grains, the shape is also the same as for the circular holes when the tilt angle is expressed
in terms of vˆ ·nˆ, Eq. (1.5.2), and aperture area is scaled by the critical value at zero tilt. Physically,
tilting the sample increases the propensity to clog according to a reduction in the projection of the
aperture area against the average flow direction. This insight, and the striking but unexpected
degree of universality in the clogging behavior, now call for a full theoretical explanation. We
believe this is an important challenge, similar in spirit to the notion of deep commonality in the
wide classes of jamming transitions. Another important challenge, which would be of particular
benefit to industry, is to extend this whole line of research to grains that are slightly cohesive and
hence more susceptible to clogging. Answers to these questions would provide great insight into
the physics of granular materials, as well as to other far-from-equilibrium and disordered systems
like vortex pinning and crowds where clogging plays a role.
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Chapter 2
Fraction of Clogging
Configurations
Abstract
We measure the fraction F of flowing grain configurations that precede a clog, based on the average
mass discharged between clogging events for various aperture geometries. By tilting the hopper,
we demonstrate that F is a function of the hole area projected in the direction of the exiting grain
velocity. By varying the length of slits, we demonstrate that grains clog in the same manner as
if they were flowing out of a set of smaller independent circular openings. The collapsed data
for F can be fit to a decay that is exponential in hole width raised to the power of the system
dimensionality. This is consistent with a simple model in which individual grains near the hole
have a large but constant probability to precede a clog. Such a picture implies that there is no
sharp clogging transition, and that all hoppers have a nonzero probability to clog.
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2.1 Introduction
Granular flow through a small hole or bottleneck is susceptible to clogging, where a stable arch
(or dome) forms over the hole and arrests the entire flow [69,78,79]. Clogging is highly useful for
probing the extreme limits of granular flow, since the bulk continuumlike behavior of a large system
is governed by a relatively small number of particles at the exit. Furthermore, clogging is a natural
phenomenon that illustrates spontaneous evolution from a freely flowing state to a jammed state
with no change in the external forcing. Similar issues are important for understanding the flow of
suspensions [8,57,72] through constrictions, the flow of vortices through an array of pinning sites
in superconductors [49,50], as well as automotive [31] and pedestrian [22] traffic. In spite of many
simulations [33,40,52,63] and experiments in both two- [11,28,62,68,69,80] and three-dimensional
hoppers [17,52,59,60,64,78,79], the ability to predict or control clogging is still lacking [77].
One measure commonly used to quantify clogging is the average mass 〈m〉 discharged before
a clog occurs. Figure 2.1 displays data from Ref. [64], showing how 〈m〉 grows extremely rapidly
with hopper hole diameter D for several different tilt angles θ. Various forms for 〈m〉 versus D
have been proposed. References [28,64,78] fit the data to a critical power law (long dashed curves
on Fig. 2.1), diverging at finite D = Dc. However, there is no model for the value of Dc or for
the unusually large exponents, which are in the range of 5–12. Furthermore, other data show
that 〈m〉 grows in proportion to exp(CD2) in two-dimensional systems [28, 68] or exp(CD3) in a
three-dimensional system (solid curves on Fig. 2.1) [64]. The exponential form is somewhat better
in describing the Ref. [64] data, since the ratio of χ2 for the diverging form to its value for the
exponential form falls mainly in the range 0.7–1.9. The conflict between these different forms is
significant. If 〈m〉 diverges at finite D, then there exists a sharp clogging transition marking a
regime where the flow will never clog.
To clarify the nature of clogging, we propose an alternative quantity to 〈m〉: the fraction F of
grain configurations near the exit that cause the flow to clog. We argue how F may be deduced
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Figure 2.1: (Color online) Average mass 〈m〉 discharged before a clog forms, illustrated as a
function of (a) hole diameter D and (b) D3 for d = 2 mm glass beads in hoppers with different
tilt angles, θ. These data are from Ref. [64], and are well fit by a variety of functions as labeled.
Vertical error bars are based on measured m values for 10 or more discharge events; horizontal
error bars reflect uncertainty in D.
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Table 2.1: The mean grain diameter d, the bulk density ρ, and the draining angle of repose θr for
the grains tested. Errors for d indicate the standard deviations of the distributions. For the other
material properties, error bars indicate the standard error in the measurements. The error bars
plotted in all figures reflect the propagated uncertainty in grain properties, uncertainties in hole
diameter (ranging from 0.013 to 0.2 mm in each dimension), uncertainty of ±0.5◦ in tilt angle,
and uncertainty in 〈m〉 based on m values for 10 or more discharge events.
Material d (mm) ρ (g/cm3) θr
Glass Spheres 2.02± 0.04 1.62± 0.01 23.5± 0.5◦
Glass Spheres 0.96± 0.05 1.56± 0.02 20.0± 0.4◦
Dry Tapioca 3.50± 0.14 0.69± 0.01 32.3± 0.5◦
from 〈m〉, using the Poisson character of the clogging process, without any knowledge whatsoever
required about the actual grain microstates. By tilting the hopper, and by varying the length L
of a slit, we obtain a range of data that can be collapsed together using a probabilistic argument
onto a single curve for F versus hole diameter. The results are successfully modeled based on
single-grain behavior in a volume near the aperture, where each grain has a constant probability
to clog independent of hole size.
2.2 Experimental Details
Our experiments utilize three different spherical grains and three different hopper shapes. The
material properties of the grains, including the grain diameter d, bulk density ρ, and draining
angle of repose θr, are listed in Table 2.1. For clogging of grains at a circular hole, we use an
aluminum hopper with inner cross section of dimensions 9.5× 9.5 cm2. The hole is a camera iris
with continuously adjustable diameter D. We also change the propensity to clog by tilting this
hopper, varying the angle θ that the hole makes with gravity. When θ > 60◦, the iris is mounted
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on the sidewall of the hopper rather than its floor; however, this does not affect the behavior of
the flow or clogging. Data for 2 mm glass spheres in this hopper were previously published in
Ref. [64].
To explore the effect of the aperture shape, we investigate clogging from a rectangular slit of
long dimension L and short dimension D. As with the circular hole, we use a hopper with smooth
horizontal floor and vertical sidewalls. The inner cross section of this hopper is 28 × 20 cm2.
To vary D, we use a custom-made aluminum slit that allows for fine control over the width
while maintaining a constant length. Data collected for the 1 mm glass spheres for this slit with
L = 149 mm were previously reported in Ref. [64]. However, we now also change the slit length
by masking the sides of the slit. We investigate the effect of changing L and D using both the 1
and 2 mm glass spheres.
Finally, we report on clogging for a somewhat different slit geometry and material. This third
hopper has a slit of constant length L = 3.8 cm and adjustable width D. However, the inner
dimensions of the hopper are 3.8 × 56 cm2 and thus two of the inner walls coincide with the
ends of the slit. Furthermore, we inhibit the sliding of grains along the bottom of the hopper by
placing two grain-size dowels at the lips of the slit. For this hopper we use 3.5 mm diameter dry
tapioca pearls.
2.3 Finding F
To determine the fraction F of flowing configurations that precede a clog, we begin by noting
that the distribution of flow durations τ is widely regarded as exponential: P (τ) ∝ exp(−τ/〈τ〉),
where 〈τ〉 is the average duration of flow events [11, 28, 62, 64, 68, 78–80]. Clogging is thus a
Poisson process, where the probability to remain unclogged across a small time increment is
1 − dt/〈τ〉. Physically, we may picture that flow brings new grains into the aperture region, and
different flow configurations are successively sampled at random, until one arises that precedes a
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clog. Three ingredients are now needed. First, grains moving down at speed v experience a new
configuration—with new opportunity to clog—when they have moved a distance ` = vτ0, where
τ0 is the configuration lifetime and ` is a corresponding sampling length anticipated to be roughly
one grain size. Second, the ratio τ0/〈τ〉 is recognized as the fraction F of configurations that
precede formation of a stable arch over the aperture, since the number of configurations sampled
in the average discharge event is 〈τ〉/τ0. Third, the average discharge mass is 〈m〉 = ρAv〈τ〉,
where ρ is the bulk mass density of the medium and A is the aperture area. Altogether, these
three ingredients give the fraction F of preclogging flow configurations as
F = ρA`/〈m〉. (2.3.1)
It is remarkable and powerful that F may thus be deduced from the right-hand side without
actually measuring grain positions, orientations, momenta, or contact forces. The only proviso is
that at each time increment the clogging probability be constant; e.g., there should be no transients
from using an overly large impulse to start the flow. This is supported by the continued Beverloo
behavior for discharge rates below clogging in Fig. 1 of Ref. [64], as well as by the discussion in
Section 2.A.
In order to estimate the sampling length `, we assume F approaches 1 as the aperture area
A is reduced to the size of one grain. We plot ρAd/〈m〉 versus (A− Ag)3/2 in Fig. 2.2(a), where
Ag is the cross-sectional area of a single grain. We do this for the 2 mm glass spheres clogging at
a circular hole. We also include data for tilted hoppers, where A is replaced by an effective area
defined by the projection of the hole Anˆ in the average flow direction vˆ:
Aeff ≡ (Anˆ) · vˆ = A

cos θ θ ≤ θr (2.3.2a)
cos [(θ + θr) /2] θ ≥ θr (2.3.2b)
where θr is the draining angle of repose (see Table 2.1) and θ is the angle between the hole normal
nˆ and vertical [64]. Figure 2.2(a) demonstrates two different fitting forms that may be used to
estimate the y intercept, which we take as d/`. The results displayed Fig. 2.2(b) show no trend with
θ and are roughly the same for the two fitting forms. Averaging over θ gives a combined estimate of
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the sampling length that is slightly less than one grain diameter, as expected: ` = (0.75± 0.20) d.
This result is consistent with an alternative measurement in Section 2.A.
2.4 Results
We now find F for the 2 mm glass spheres in the tilted hopper, using `/d = 0.75 with the
measured average discharged mass 〈m〉 for circular holes of different diameters D and tilt angles
θ. Figure 2.3(a) shows F as a function of the dimensionless effective hole area Aeff/Ag. The data
points in this plot are shaded by vˆ · nˆ. These values of F for circular holes fall off rapidly by many
orders of magnitude with increasing Aeff/Ag. Furthermore, there is apparently no dependence of
F on θ, such that F is a single function of Aeff/Ag.
Next we consider rectangular slits of long dimension L and short dimension D, at θ = 0. We
hypothesize that slits behave as a collection of (4/pi)L/D independently clogging circular holes of
diameter D, giving
Fslit (D,L) = [Fcircle (D)]
(4/pi)L/D
. (2.4.1)
We therefore determine the value of F for circular holes of diameter D, using measured values of
〈m〉 for rectangular slits of width D and again taking `/d = 0.75. These data are displayed on
Fig. 2.3(b) versus A = piD2/4, where D is the slit width and the aspect ratio L/D is indicated
by shading. This analysis causes the data in Fig. 2.3(b), for the different grain types and a wide
range of slit widths and aspect ratios, to all fall onto a single curve. This collapse supports the
hypothesis of Eq. (2.4.1).
Finally, we compare F for circular holes [Fig. 2.3(a)] with the effective circular components
constituting the rectangular slits [Fig. 2.3(b)] by simultaneously fitting both data sets to two
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Figure 2.2: (Color online) (a) ρAeffd/〈m〉 versus (Aeff −Ag)3/2 for tilted hoppers, where ρ is the
bulk density of the grains, d = 2 mm is the grain diameter, 〈m〉 is the average mass discharged
before clogging, Aeff is the effective hole area for a tilted hopper, and Ag is the cross-sectional
grain area. According to Eq. (2.3.1), the quantity plotted is equal to Fd/`, where ` is the sampling
length. (b) Sampling length `/d versus tilt angle θ, as found from fits as displayed in part (a). The
average values of 〈`〉 for linear and exponential fits are displayed; combining these, we henceforth
take the sampling length as ` = (0.75± 0.20)d.
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empirical forms:
F (x) =

(
xc
γ − xγ
xcγ − 1
)β
exp
[
−C
(
xα/2 − 1
)]
,
(2.4.2)
(2.4.3)
where x ≡ Aeff/Ag. For the best critical power-law fit to both hole and slit data, we find γ =
1.0 ± 0.2, β = 6 ± 1, and xc = 19.5 ± 1.5. This fit is shown by the dashed curve in Figs. 2.3(a)
and 2.3(b). Note that the critical aperture size xc is within the range of the observed values for
the clogging transition reported in Ref. [64], indicated on the lower right of Fig. 2.3. For the best
simultaneous exponential fit to both hole and slit data, we find α = 3.0± 0.2 and C = 0.14± 0.03.
This result is shown by the solid curve in Figs. 2.3(a) and 2.3(b). Note that the two fitting forms
describe both data sets equally well, as the ratio of χ2 for the fit to Eq. (2.4.2) to its value for the
fit to Eq. (2.4.3) is 1.07. Thus, the data collapse onto a single function of Aeff/Ag. However, as
in Fig. 2.1, the multitude of good empirical fitting forms makes it unclear whether or not there is
a sharp clogging transition where F (x) vanishes at finite xc.
2.5 Model
It is possible to justify Eq. (2.4.3), but not Eq. (4) (2.4.2), with a na¨ıve model based on the
possible microstates of individual grains near the aperture. To begin we suppose that the number
of grains in the clogging region above the hole must scale as N = (D/d)α, where α depends
on dimensionality. If each of these N grains can be in V1 single-grain position, momentum, or
contact-force microstates, then the total number of allowed configurations is Ω ∝ V1N (this is
an uncontrolled approximation in ignoring collective effects). If only a certain number Vpc of
these single-grain microstates precede a clog, then the total number of clogging configurations is
Ωc ∝ VpcN And then from F ≡ Ωc/Ω we find
F =
(
Vpc
V1
)N
= exp
[
−
(
ln
V1
Vpc
)(
D
d
)α]
. (2.5.1)
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Figure 2.3: (Color online) Fraction of configurations that precede a clog, deduced from measure-
ments of 〈m〉, versus normalized effective hole area. In (a), data points for circular holes are
shaded by vˆ · nˆ. In (b), data points for hole-equivalent subsections of rectangular slits are shaded
by slit aspect ratio L/D. In both the grain sizes are indicated in the legend. The clogging transition
locations found from critical power law fits in Ref. [64] for the 2 mm glass spheres are indicated
by Aeff,c/Ag at bottom right. The best fits to Eq. (2.4.2) and Eq. (2.4.3) are overlaid as dashed
and solid curves, respectively.
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This is precisely Eq. (2.4.3) for large holes, if Vpc/V1 is constant and if α = 3.0±0.2. For our data
in three dimensions, and also for the 〈m〉 ∝ exp(CD2) data in two dimensions [28, 68], we thus
have a consistent picture in which the fraction of clogged configurations dies exponentially with
hole width raised to a power α equal to dimensionality. The value of α implies that more grains
are involved in arch formation than just those exposed underneath in the final static monolayer
spanning the hole. This agrees with observations that an obstacle placed over the aperture has
no influence if it is higher than about two hole widths [80].
The above model for F is highly oversimplified, but can be pushed for an estimate the ratio
Vpc/V1 of single-grain flowing microstates near the hole that precede a clog. First, for large holes,
comparison of Eq. (2.5.1) and the fit to Eq. (2.4.3) gives Vpc/V1 = exp(−C) = 0.87± 0.03. More
generally, we can deduce the ratio from Vpc/V1 = F
1/N using N = (vˆ · nˆ) (D/d)3. The results
from all hole and slit data are plotted in Fig. 2.4. For small hole sizes, Vpc/V1 approaches 1.
With increasing hole size, Vpc/V1 does not vanish but instead asymptotes to a nonzero constant
0.87 ± 0.03. This value is perhaps surprisingly large. It means that each grain near the exit is
almost always in a position to participate in clog formation, which is consistent with the flows
being very dense and not far dilated from random close packing. For large enough hole sizes, actual
clog formation is rare because all the grains in the region must be suitably positioned. Perhaps
Vpc/V1 represents the ratio of stable to free volume, or perhaps momenta and contact forces are
important too. The detailed nature of the single-grain microstates, the size of the clogging region,
the role of dissipation, and the importance of collective effects could all be profitably studied by
simulation and perhaps even two-dimensional experiments.
2.6 Conclusion
To conclude, prior fits to critical power laws [28,64,78] and the seeming universality of the clogging
phase diagram [64] were strong arguments for the existence of a sharp clogging transition at a finite
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hole size Dc. However, lack of theory for exponents and for maximum hole size, and the absence
of diverging quantities on approach to Dc from above, were all causes for concern. Here, based
on a probabilistic analysis and modeling of new and old data, we find compelling reasons to view
clogging as always possible. The act of flow causes a random sampling of configurations for grains
above the hole in a region of size given by hole width raised to the power of dimensionality. Flow
proceeds until a configuration arises in which all these grains are able to participate in forming a
stable arch, or dome. This naturally gives an exponential distribution of discharge event sizes. And
since the probability for a given grain to be able to participate in a clog is constant, independent of
hole size, there is no critical hole size beyond which the system is no longer susceptible to clogging.
Instead, the average flow duration grows dramatically, exponentially, due to the increasingly large
number of grains that are required to occupy preclogging flow microstates. Clogging can thus
be seen as a phenomenon similar to the glass and jamming transitions, which are defined by an
observation threshold. There, relaxation times grow dramatically and can be fit to a variety of
forms, some of which diverge and some of which do not. The same can be said for clogging. There
is no critical point, but as a practical matter a clogging transition may still be defined at the hole
size beyond which clogging becomes so vastly improbable as to be essentially unobservable.
37
2.A Model for Distributions of Clogging Events
Abstract
We construct a model of clogging in which there is the same history-independent probability
to clog at each step in a sequence of constant time increments, but where there is a minimum
discharge event size. It compares well with data from Ref. [64] for how the standard deviation of
discharge masses σm falls below the average 〈m〉 for small events. The results support findings in
the main text for F = ρA`/〈m〉 as the fraction of clogging configurations and also for ` = 0.75d as
the sampling length. We also present variations of the model, and compare to data from Ref. [78].
2.A.1 Clogging as a discrete Poisson process
The distribution of discharge events may be computed exactly, assuming only that in each sampling
time step τ0 there is the same constant probability α for the system to clog. The value of α, as
well as the discharge speed v, will vary with the area A = pi(D/2)2 of the hole and with the nature
of the grains. But for any given α the probability to flow for n sampling times, and then clog at
the next sampling time, is equal to the product (1 − α)nα of probabilities at each step. This is
automatically normalized,
∑∞
n=0(1 − α)nα = 1, but only if the sum starts at n = 0. However,
experimentalists do not count n = 0 “null” events where no mass is discharged. Flow events are
initiated by external impulses that, by design, are large enough to cause measurable discharge.
Therefore we restrict n to be 1, 2, 3, ..., and introduce a normalization factor. Then
p(n) = (1− α)n−1α (2.A.1)
is the probability to flow for time τ = nτ0 and to discharge mass m = ρAvτ = ρA`n, where ρ is
the mass density of the bulk granular medium and ` = vτ0 is the sampling length as in the main
text. In this model, the smallest allowed discharge event has mass ρA`, which corresponds to
about a monolayer of grains spanning the hole if ` is on the order of the grain diameter d. This is
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reminiscent of the classic “free-fall arch” rationalization of the Beverloo discharge rate equation,
recently discussed in Ref. [29], where a succession of unstable monolayer arches form, then break,
then free-fall. Here we picture that a new monolayer appears once per sampling time, and that
with probability α it is actually stable. The cumulative distribution for Eq. (2.A.1) is
c(n) =
n∑
n′=1
p(n′) = 1− (1− α)n. (2.A.2)
Note that for small α the distribution of flow durations becomes a continuous exponential: p(τ) =[
p(n)dndτ
]
n=τ/τ0
= exp (−τ/〈τ〉) /〈τ〉 where 〈τ〉 is defined as τ0/α and is equal to the average flow
duration.
For geometrical distributions like Eq. (2.A.1) it is straightforward to compute the moments
〈nm〉 = ∑∞n=1 npp(n), exactly, for any α. The first two moments and the standard deviation of n,
and hence of the discharge masses m = ρA`n, are
〈n〉 = 〈m〉
ρA`
=
1
α
, (2.A.3)
〈n2〉 = 〈m
2〉
(ρA`)
2 =
2
α2
− 1
α
, (2.A.4)
σn =
σm
ρA`
=
√
1
α2
− 1
α
. (2.A.5)
Comparison of Eq. (2.A.4) with Eq. (2.3.1), F = ρA`/〈m〉, shows that the probability α to
clog in each sampling time is equivalent to the fraction F of clogging configurations. We may now
combine Eqs. (2.A.3, 2.A.5) to eliminate α and reveal the expected connection between σm and
〈m〉 if clogging is a discrete Poisson process:
σm =
√
〈m〉 (〈m〉 − ρA`), (2.A.6)
σm
ρAd
=
√
〈m〉
ρAd
( 〈m〉
ρAd
− `
d
)
. (2.A.7)
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Note that σm → 〈m〉 in the limit of small α and hence of large 〈m〉, where the distributions
are exponential. Eq. (2.A.7) is made dimensionless by ρAd as the characteristic mass controlled
by the experimentalist. If `/d is thought to be a constant independent of hole size, then data for
σm/ (ρAd) may be plotted versus 〈m〉/ (ρAd) and compared with y =
√
x (x− `/d) to test the
model and to determine the value of `/d.
Comparison with σm data
We now compare the above predictions with data from Ref. [64] on the standard deviation of
the discharge event mass distribution for tilted hoppers. For a given tilt, the average mass 〈m〉
and the standard deviation σm both increase with hole size. These quantities are divided by
ρAd and are plotted parametrically in Fig. 2.5. The data span about four orders of magnitude,
and are scattered around σm = 〈m〉 for 〈m〉/ (ρAd) greater than about 10. Thus, large events
are consistent with a continuous exponential distribution. For smaller events, m falls noticeably
below 〈m〉; however, just such behavior is predicted by the above model of clogging as a discrete
Poisson process. For direct comparison, Eq. (2.A.7) is plotted in Fig. 2.5, using `/d = 0.75± 0.20
as found in the main text by requiring F to extrapolate to 1 as the hole area decreases to the
grain cross sectional area. This curve is quite consistent with the data, though the data appear
to deviate from y = x sooner than the model. Alternatively, fitting Eq. (2.A.7) to the data gives
`/d = 0.73 ± 0.08 (the uncertainty also reflects inclusion or exclusion of the smallest data point,
which could be an outlier). The good general agreement seen in Fig. 2.5, both for the form of σm
versus 〈m〉 and for the value of `/d, supports the assumptions and findings in the main text.
Generalization
One may take p (n) = (1− α)n−n0 α with n = n0, n0 + 1, n0 + 2, ... as a more general model of
clogging, where n0 is the number of sample times for the smallest allowed discharge event. Above
we use n0 = 1, but other values could be appropriate when large or variable impulses are used to
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Figure 2.5: (Color online) Standard deviation of mass versus average mass for d = 2 mm diameter
glass spheres, of bulk density ρ = 1.62 g/cm3, discharged from circular holes with effective area
Aeff = Avˆ · nˆ. Data are from Fig. 3a of Ref. [64]. The gray line y = x is the expectation for an
exponential distribution. The blue curve and shaded region are Eq. (2.A.7) with `/d = 0.75± 0.20
taken from the main text. The green dashed curve represents Eq. (2.A.10) with `/d = 0.6, no = 1.6,
σn = 0.7.
start the flow events. This gives a cumulative distribution of c (n) = 1− (1− α)n−n0+1. The first
two moments are:
〈n〉 = 〈m〉
ρA`
=
1
α
− 1 + n0, (2.A.8)
〈n2〉 = 〈m
2〉
(ρA`)
2 =
(
2
α2
− 3
α
+ 1
)
+ 2
(
1
α
− 1
)
n0 + n
2
0. (2.A.9)
To average these over an arbitrary distribution of n0, with average n0 and standard deviation σn0 ,
we substitute n0 → n0 and n20 → n20 =
(
n20 + σ
2
n0
)
. Using m = ρA`n and eliminating α, as above,
the standard deviation of discharge masses is found as
σm
ρAd
=
√[ 〈m〉
ρAd
− (n0 − 1) `
d
] [ 〈m〉
ρAd
− n0 `
d
]
+
(
σn0
`
d
)2
. (2.A.10)
This generalizes upon Eq. (2.A.7) for non-integer n0 > 1 and for σn0 > 0. Note that a variation
of `/d is nearly cancelled by a reciprocal variation of n0 and σn0 . Therefore in Fig. 2.5 we show a
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fit where `/d = 0.6 is fixed toward the lower end of the range found in the main text and the other
two parameters are optimized. This gives reasonable values of n0 = 1.6± 0.3 and σn0 = 0.7± 0.2,
and good agreement with the data.
The generalized model may also explain the peaked shape of the event distribution data in
Ref. [79]. There, the probability functions started from a minimum event size, increased steeply
to a maximum, and then decayed exponentially with a longer decay constant. This was modeled
by a transient, where steady-flow is achieved only after some delay. Here, transients are not in
flow speed but in disallowing clogging at less than some numbers n0 > 1 of sampling times. The
mode of the averaged distribution is then roughly n0. In terms of mass and number of grains, this
gives
mmode ≈ ρA`n0, (2.A.11)
Smode =
mmode
mgrain
≈ 3φ
2
(
D
d
)2(
`
d
)
n0, (2.A.12)
where φ is the volume fraction of grains in the packing ∗ Indeed, the inset of Fig. 3a of Ref. [78]
shows that the mode grows quadratically with hole size. Taking φ = 0.64 and `/d = 0.75, the
mode data correspond roughly to Eq. (2.A.12) with n0 ≈ 2. One could imagine a detailed analysis
where `/d and the full distribution of no are obtained from experimental event distribution data.
2.A.2 Clogging as a continuous nearly-Poisson process
The deviation of data from σm = 〈m〉 for small events is accounted for in the models both by
discretization and by the existence of a smallest allowed discharge mass. In attempt to disentangle
these effects, we now consider two ad-hoc flow distributions that are continuous. The first is zero
∗Similarly the minimum event size is Smin = ρA`/mgrain = (3φ/2)(D/d)2(`/d). It is one grain if `/d = (d/D)2,
assuming a packing fraction of φ = 2/3. One could imagine `/d crossing over from such behavior at small holes to
constant `/d = 0.75 at large holes, where even the smallest impulse causes many grains to discharge.
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Figure 2.6: (Color online) Same data as Fig. 2.5 but now comparing with two models that have
a continuous distribution of discharge event sizes. The solid green curve is Eq. (2.A.14) with fit
values `/d = 0.7±0.2 and σ`/d = 0.3±0.2. The dashed blue curve is Eq. (2.A.16) with `/d = 0.75
as in the main text.
below a sampling time τ0, and is exponential otherwise:
p (t) =

0 t < τ0,
Re−R(t−τ0) t > τ0
(2.A.13)
where R is a rate constant independent of the sampling time. The first two moments are 〈t〉 =
(1/R)+τ0 and 〈t2〉 =
(
2/R2
)
+(2/R) τ0+τ
2
0 . To average over an arbitrary distribution of sampling
times, we take τ0 → τ0 and τ20 → τ20 =
(
τ20 + σ
2
τ0
)
. Eliminating R, using m = ρAvt and 〈`〉 = vτ0,
then dividing through by ρAd, gives the standard deviation of discharge masses as
σm
ρAd
=
√( 〈m〉
ρAd
− 〈`〉
d
)2
+
(σ`
d
)2
. (2.A.14)
The behavior is σm = 〈m〉 for large 〈m〉, and σm < 〈m〉 for smaller discharges. Similar to the
discrete model, the smallest hole size corresponds to 〈m〉 = ρA〈`〉. There, σm is at a minimum
that is non-zero for σ` > 0. In Fig. 2.6 we fit to to Eq. (2.A.14), which gives 〈`/d〉 = 0.7 ± 0.2
and σ`/d = 0.3± 0.2 in reasonable agreement with the data.
For contrast, the following probability function smoothly suppresses small flow events but has
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no cutoff:
p (t) ∝
(
1− e−t/τ0
)
e−Rt. (2.A.15)
The first two moments may be computed, and lead to a standard deviation of discharge masses
of
σm
ρAd
=
√√√√( 〈m〉
ρAd
)2
−
(
2`
d
)√( 〈m〉
ρAd
)2
+
(
2`
d
)2
+
(
2`
d
)2
(2.A.16)
The behavior is also σm = 〈m〉 for large 〈m〉, and σm < 〈m〉 for smaller discharges. But now,
there is no minimum discharge mass and σm vanishes smoothly as 〈m〉 goes to zero. This form
is rather insensitive to the value of `/d. So in Fig. 2 we simply plot Eq. (2.A.16) with the value
`/d = 0.75 from the main text. The agreement is not bad, but for the smallest 〈m〉 the data do
deviate a little more from σm = 〈m〉 than Eq. (2.A.16).
Our impression from these comparisons is that the existence and treatment of the minimum
discharge event size has more influence on the form of σm versus 〈m〉 than on whether the discharge
distribution is treated as continuous or discrete. We also see that the sampling length reported in
the main text, ` = (0.75± 0.20) d, is consistent with all of the Poisson process models.
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Figure 2.7: (Color online) Clogging phase diagram, as found in Chapter 1, but with the data for
the rice and lentils at the slit now included.
2.B Clogging of Aspherical Grains
2.B.1 Clogging phase diagram for non-spherical grains
In Chapter 1, we report that the all material and aperture shapes follow a single clogging transition
curve: vˆ · nˆ = [1 + ln (A/Aco)]−5/3, with the exception of rice and lentils clogging at a slit. This
is illustrated in Fig. 2.7 here, where the clogging transition for the rice and lentils are indicated
by filled-in green squares and black x’s, respectively. The clogging transition for these elongated
shapes does not depend as sensitively on the hopper tilt angle θ as it does for the other geometry
combinations. Indeed, for the rice, the value of Dc at vˆ · nˆ = 0.5 is virtually the same as when
the hopper is not tilted at all! To better understand the source of this behavior, we focus on the
more fundamental quantity, F , the fraction of configurations which will clog the hopper.
2.B.2 F (A) for non-spherical grains
We extend the analysis done in Chapter 2 as far as it will take us for the various non-spherical
grains considered in Chapter 1. However, for the non-spherical grains of sand, rice, and lentils, it is
not entirely clear what the appropriate grain size d or cross-sectional area Ag is for determining `.
So instead, we take the exponential form of Eq. (2.4) as a given, and fit all the data for a particular
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Table 2.2: Tabulation of the values of ` and Ag determined for non-spherical particles from the fits
found in Fig 2.8. The values of d and dshort, measured directly, are also included for comparison.
Also calculated is the expected value of Ag given the known values of d and dshort for the different
materials.
Material d (mm) dshort (mm) ` (mm) Ag,fit (mm
2) Ag,exp (mm
2)
Spherical grains — — (0.75± 0.20)d — pi4 d2
Ottawa sand 0.77± 0.10 — 1.1± 0.1 0.77± 0.01 0.5± 0.1
Basmati rice 7.4± 0.5 1.48± 0.10 7.4± 0.7 1.11± 0.02 1.7± 0.2
Lentils 5.7± 0.5 2.3± 0.2 1.41± 0.07 0.80± 0.01 26± 5
material to find ` and Ag. That is, setting y = ρAeff/〈m〉 and x = Aeff , we seek solutions of the
form:
y =
1
`
exp
[
−C
(
(x/Ag)
α/2 − 1
)]
, (2.B.1)
where we found previously C = 0.14± 0.03, α = 3.0± 0.2.
Fig. 2.8 displays these fits for all three materials. For all three, we set C = 0.14. For the
sand, α = 3 was found to be a good fit. However, this was not the case for the rice or the lentils.
For those data, when α was set as a free parameter, we found α = 2.1 ± 0.1 for both. So we
set α = 2 for both cases to find the values of ` and Ag. The results for all data are given in
Table 2.2. The results for sand and rice are close to what we would expect. For both, we find the
sampling length ` to be on the order of the (long) grain dimension, and Ag is near what would
be expected based on the (short) grain dimensions. For rice, this means that the rate at which
new configurations are sampled is set by the long dimension of the grains. This is reasonable, as
discharging rice typically is oriented along the direction of the mean flow. However, the results
for lentils is somewhat different. The sampling length ` is a fraction of the short dimension, and
the fit values for Ag is substantially smaller than expected. This anomaly is possibly due to the
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Figure 2.8: (Color online) Plots of F/` = ρAeff/〈m〉 as a function of effective hole area Aeff for
sand (a), rice (b), and lentils (c). Data are colored by vˆ · nˆ. Fits are to Eq. (2.B.1), where C is
held constant at C = 0.14 and α is set to the nearest integer value. For the sand, α = 2, while for
the rice and lentils, α = 3.
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fact that for the lentils, the range of Aeff is somewhat small compared with pid
2/4. To clarify our
understanding of the behavior of the lentils, more data with larger hole sizes is needed.
While the data from the lentils is inconclusive, our results for the sand and the rice serve
to extend the previous analysis of F (A). We find that the sampling length ` is set by the long
dimension of the grain diameter. Furthermore, for rice, the number of grains required to participate
in a clog is not N = (D/d)3 as for the spherical grains or sand. Instead, we find N = (D/dlong)
2.
This should be studied further by evaluating the orientation of grains in the region near the hole
during clogging.
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Chapter 3
Intermittency and Velocity
Fluctuations in Hopper Flows
Prone to Clogging
Abstract
We experimentally study the dynamics of granular media in a discharging hopper. In such flows,
there often appears to be a critical outlet size Dc such that when the aperture size D > Dc, the
flow never clogs. We report on the velocity distributions and intermittency for both D < Dc
and D > Dc, near and far from the outlet. We characterize the velocity distributions by the
effective granular temperature Tg and the skewness of the velocity in the vertical direction. We
propose a measure for intermittency based on the two-sample Kolmogorov-Smirnov D-statistic for
the velocity distributions as a function of time. We find that there is no discontinuity or kink in
these various dynamical measures as a function of D. This result supports the proposition that
there is no well-defined Dc and that clogging is always possible. Furthermore, the intermittency
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time scale of the flow is set by the speed of the grains at the hopper exit. This latter finding is
consistent with the model of clogging as the independent sampling for stable configurations at the
exit with a rate set by the exiting grain speed.
3.1 Introduction
Dense granular flows demonstrate large velocity fluctuations and collective behavior [16, 30, 32,
41]. Much progress has been made in modeling the average flow fields [24]. However, there
does not yet exist a complete description of the fluctuations and intermittency in dense granular
flows at the threshold of jamming. On approach to jamming, granular heap flows have higher
velocity fluctuations and a larger-sized dynamical heterogeneities [30]. However, the case of highly
intermittent flows very close to the jamming point remain largely unexplored.
An excellent system to study granular flows near jamming is that of a hopper, or silo. The
shape of the average velocity fields are well-known and follow well-established empirical geometric
forms [10,20,46,58,70]. The grains are densely packed, and are very close to the jamming transition.
Indeed, if the hole diameter D is small, the flow of grains can be seen to abruptly stop in a clog,
with the entire system thereafter jammed! The fluctuations of the velocity field are thus key to
the long-time behavior of the system as a whole.
We therefore focus on both the fluctuations of the individual grain velocities, and intermittency
of ensemble velocities, as a function of the propensity of the granular hopper flow to clog. In
particular, we evaluate the behavior of grains in hopper flows in light of the clogging model we
proposed earlier [65]. That work showed that clogging occurs by a sampling of grain configurations
near the exit at a rate given by the discharge velocity. Furthermore, it suggested that there may
be no well-defined clogging transition, and granular hopper flows of all hole diameters have a
non-zero probability of clogging.
There has been very little work on the velocity fluctuations and intermittency in silos due to
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the bottleneck effect at the exit. While the phenomenon of silo quaking or music is well known, it
is typically observed in cases with cohesive grains [43] or where the interactions between the grains
and the interstitial fluid [3,76] or the walls [6] are particularly strong. Studies of the intermittency
in the bulk flow rate W (t) over time have been inconclusive: Un˜ac and co-workers found both
fluctuations and characteristic time scales growing with decreasing D [71]. In contrast, Janda and
co-authors found no characteristic time scale as a function of D [26].
Garcimart´ın and co-workers studied both the individual and ensemble velocity distributions as
a function of D, but presented no systematic measurement of the fluctuation magnitude [20]. To
our knowledge, the only peer-reviewed experimental work which explicitly reports on either the
size of ensemble fluctuations or the time scale of the flow fluctuations throughout the bulk in an
experimental system as a function of D is the work by Vivanco et al., and it does so in a highly
wedge-shaped hoppers [73]. While this is an important geometry, it complicates the clogging
picture, as these hoppers exhibit anomalous clogging statistics [59].
To quantify the relationships between clogging, velocity fluctuations, and intermittency, we
measure the instantaneous velocity of grains in a flat-bottomed quasi-2D hopper. We systemat-
ically describe the distributions of these velocities as a function of both the location within the
hopper and the hopper opening size D. Furthermore, we develop a new measure to quantify
intermittency, a modified Kolmogorov-Smirnov statistic which describes the deviations of the in-
stantaneous grain velocities from the time-averaged behavior. The results show that hopper flows
susceptible to clogging have an elevated effective granular temperature and are more strongly
intermittent. However, this intermittency does not possess a time scale separate other than the
average flow rate of the grains.
To investigate the time-dependent collective behavior of granular flows, we constructed a quasi-
2D hopper with smooth, transparent, static-dissipative side walls. The interior dimensions of the
hopper are 3.8×56 cm2, and it is typically filled to a height of at least 80 cm. In this experimental
regime the pressure at the outlet saturates and there is no height-dependence of the flow [2, 48].
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Figure 3.1: (Color online). Average mass 〈m〉 discharged before a clog occurs, as a function of
slit width D. Fitting to the clogging transition form of Eq. (3.1.1) used in Refs. [28,39,64,68,78],
we find γ = 7.5 ± 2.5 and Dc = 10.5 ± 0.5 mm, shown by the dashed green line. However, the
approach of Ref. [65] suggests that 〈m〉 should follow the form of Eq. (3.1.2), shown by the solid
blue line.
The orifice is a rectangular slit at the bottom of the hopper with adjustable width D and constant
length L = 3.8 cm, running the full thickness of the hopper. The width of the slit, front and
back, is measured with calipers both before and after experiments. In all cases the variation in
the slit width is less than 0.1 mm. We place dowels on the hopper floor at the opening to inhibit
the sliding of grains along the bottom. As a model granular media suitable for imaging, we use
d = 3.50± 0.14 mm monodisperse dry tapioca pearls. These grains are large enough that friction
and hard-sphere repulsion are the only significant inter-granular interactions. Measuring the bulk
density as ρb = 0.69± 0.01 g/cm3 and the density of an individual grain as ρ0 = 1.22± 0.3 g/cm3,
we estimate a packing fraction of φ = ρb/ρ0 = 0.6 ± 0.1. This experimental setup is identical to
that one of those used in Ref. [65].
In that earlier work, we reported on the propensity of the system to clog. A central concern
is whether there exists a sharp clogging transition, defined as the opening size Dc for which the
flow will never clog when D > Dc. To evaluate the validity of the clogging transition in this
experiment, we follow a similar approach as that used by Refs. [28, 39, 64, 68, 78], finding Dc by
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fitting the average mass discharged before a clog occurs 〈m〉 to the critical form:
〈m〉 ∝ 1
(Dc −D)γ . (3.1.1)
Here, we find γ = 7.5 ± 2.5 and Dc = 10.5 ± 0.5 mm, as shown as the dashed line in Fig. 3.1.
The uncertainty in γ and Dc, indicated by the grey band in Fig. 3.1 is a consequence of both the
error in the variables and varying the fitting range. Alternatively, we may fit the data to a form
suggested by Ref. [65]:
〈m〉 = pi
4
ρD2` exp
{
C [(D/d)α − 1] 4L
piD
}
, (3.1.2)
where ρ = 0.69 g/cm3 is the bulk density of the tapioca. In Ref. [65], we reported that α = 3,
the system dimensionality, ` = 0.75d is the sampling length of the hopper flow, and found C =
0.14±0.03. Here we fix α = 3 and find `/d = 0.9±0.2 and C = 0.117±0.004 for this specific system.
This agreement with prior results is not particularly noteworthy, as the prior work encompassed
almost all of the data displayed in Fig. 3.1. The fit to this latter form is overlaid as the solid line.
The fits for both the exponential and the divergent form are very good: the ratio of χ2 for the
exponential form to the divergent form is 1.05. We cannot therefore readily distinguish from this
data whether there exists a well-defined clogging transition for this hopper geometry.
We use a high-speed camera operating with 1 kHz sampling rate to acquire images of the
back-lit hopper. Only the grains at the wall nearest to the camera are within clear focus. The
positions of the particles are found to an accuracy of approximately 4 microns. The distance that
the particles move between frames is far shorter than the typical distance between grains. We can
therefore use the Crocker-Grier method to link the particle trajectories between frames [14]. To
find the velocity vi (t) of particle i at time t0, we fit the xi(t) in the range −3 ms < t− t0 < 3 ms
to a second-order polynomial. Note that here we define yˆ ≡ −gˆ, and (x, y) ≡ 0 at the center of
the slit. We resticted our data collection largely to a tall, narrow region centered above the slit,
with |x| < 2.5 cm and 0 < y < 50 cm.
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Figure 3.2: (Color online) Map of the hydrodynamic average vertical velocity vh,y(x, y) ≡ 〈vy(x, y)〉
for hoppers of varying slit width D. Scaled by the speed of the exiting grains vexit and D, the shape
of the velocity field is identical for all hoppers. It is also in agreement with the prediction of the
kinematic model, given by Eq. (3.2.1) and shown on the far right with b = 2d. The estimate for
Dc = 10.5±0.5 mm, from Fig. 3.1 and Eq. (3.1.1) is indicated. Binned regions shown are typically
7 mm× 5 mm.
3.2 Average flow
Previous work has shown that the Beverloo equation for the average flow rate W as a function
of hole size D works perfectly well for flows both above and below the clogging transition. In
particular, Fig. 1 of Ref. [64] demonstrates how there is no kink, or discontinuity in the first
derivative, of W (D).
Not only is the discharge rate agnostic about the clogging transition, but the average (or
hydrodynamic) granular velocities vh(x, y) at various locations (x, y) within the hopper also do
54
€ 
mass flux :  W
ρb ⋅ slit area :  L D( )
€ 
1
D vydx∫
Figure 3.3: (Color online). Exit velocity of the discharging grains, determined from either the bulk
flow rate and Eq. (3.2.2) (dashed line) or the average velocity fields and Eq. (3.2.3) (red circles).
The values of vexit for the imaged flows is within 15% of that found from the bulk flow rate.
not display any dependence on Dc. Note that we determine the hydrodynamic velocity at at (x, y)
by taking both the ensemble and the time average of all grains within the bin at (x, y) for all
time: vh(x, y) ≡ 〈vi(x, y; t)〉i,t. The hydrodynamic velocity fields have long been understood to
follow the empirical form [10,20,46,58,70]:
vh,yd
vexitD
= − d√
4piby
exp
[
−
(
x√
4by
)2]
, (3.2.1)
where b is a length scale observed to typically range from d to 3.5d. The hydrodynamic velocity
field for our system is shown in Fig. 3.2 for hoppers with slit widths D both smaller and larger
than Dc = 10.5± 0.5 mm. The bins are rectangular regions typically 7 mm × 5 mm. As with the
average flow rates, the shape is independent of D, with no difference of behavior above or below
the clogging transition. For comparison with Eq. (3.2.1), we plot the expectation when b = 2d on
the far right of Fig. 3.2.
Although we are only imaging the layer of the grains at the wall, we confirm that the behavior
here is representative of the flow in the bulk. We determine the average speed of the exiting grains
vexit for a slit width D as:
vexit = W/(ρLD) (3.2.2)
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where W is the average mass flow rate, ρ is the bulk density of the tapioca, and L is the length
of the slit. At the orifice, this may be equivalently found by measuring the velocity directly:
vexit = | 1D
∫
vy(y = 0)dx|. By conservation of mass, we must have, for all y:
vexit =
∣∣∣∣ 1D
∫
vy(y)dx
∣∣∣∣ . (3.2.3)
By comparing the values of vexit found from Eq. (3.2.2) and Eq. (3.2.3), we may evaluate how
the measured flow fields compare with the bulk flow rate. This is shown in Fig. 3.3. The flow
rates imaged at the surface are within about 15% of the flow rate within the bulk. We therefore
conclude that friction with the walls does not significantly alter the flow patterns in this hopper.
3.3 Single-grain Fluctuations
While the average flow behavior clearly does not provide evidence of the clogging transition,
we may reasonably ask about the fluctuations in the particle velocities, or effective granular
temperature. Katsuragi and co-workers speculated that fluctuations larger than the average speed
are responsible for clogging [30]. Perhaps the granular temperature will diverge upon approaching
the clogging transition.
However, Fig. 3.4 demonstrates clearly that this is not the case. Here, we measure δv from
the velocity distributions in both the horizontal and vertical directions: δv2 = σ2vx + σ
2
vy , where
σ is the standard deviation of all the particle velocities within a particular binned region. (Note
that this is distinct from measuring the fluctuations in the average particle velocities over time.)
Unlike the maps of the hydrodynamic velocity, there is a very significant hole-size dependence
in the effective granular temperature. The fluctuations in the grain velocity are substantially
larger for smaller slit widths. This occurs throughout the entire hopper. For the smallest slit
width, δv > vh everywhere. However, this transition from low fluctuations to high fluctuations is
smooth as a function of D. There is no evidence of a clogging transition in the effective granular
temperature.
56
7.9 8.6 10.0 10.4 10.8 11.7 12.3 14.8
-2
5
2
5
0
100
200
300
400
500
y
(m
m
)
18.2
0.0
0.5
1.0
1.5
2.0
2.5
δv/vh
Dc
Slit Width (mm)
x (mm)
Figure 3.4: (Color online) Map of the individual particle velocity fluctuations within a region over
all time. Note that δv2 ≡ σ2vx + σ2vy and v2h ≡ 〈vx〉2 + 〈vy〉2. White lines indicate approximate
locations of δv = vh/2, while green lines indicate where δv = vh. The relative velocity fluctuations
increase in size for flows with smaller D, everywhere in the hopper. The estimate for Dc =
10.5 ± 0.5 mm, from Fig. 3.1 and Eq. (3.1.1) is indicated. Binned regions shown are typically
7 mm× 5 mm.
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Figure 3.5: (Color online) Skewness of vy at different locations within hoppers of varying slit width
D. The fluctuations in the velocity are systematically more asymmetric for smaller D and closer
to the exit. The estimate for Dc = 10.5 ± 0.5 mm, from Fig. 3.1 and Eq. (3.1.1) is indicated.
Black dashed lines indicate where the skewness = −2, blue dashed lines where it is equal to −4.
Binned regions shown are typically 7 mm×5 mm.
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Not only do hoppers more prone to clogging have higher effective granular temperature, but
the fluctuations in the velocity are more anisotropic. As evidence of this behavior, maps of the
skewness in vy are shown in Fig. 3.5. Note that the sign of the skewness is always negative, that
is, the distributions of the velocities are skewed in the downwards direction. As with the granular
temperature, the magnitude of the skewness becomes larger everywhere in the hopper for smaller
values of D. However, also like all the measures considered, there is no significant change in the
skewness upon transitioning through Dc.
3.4 Intermittency
The previous measures of the flow considered only statistics of all particles in a region over all
time. However, perhaps the most striking characteristics of granular flow is the predominance of
collective dynamics. Furthermore, if there is a diverging time scale associated with the clogging
transition, we can expect it to arise in measures of collective dynamics over time. A particularly
important feature is intermittency. It is evident by the naked eye, as illustrated in Fig. 3.6. Here,
we plot the vertical positions of particles over time. We do so only for grains in a square region
directly near the exit: the bottom of the region is at y = D/2. The region size is set by D
as (D + 2d) × (D + 2d), and the region is centered about x = 0. Here, we scale time on the
x-axis by the typical time d/vh that a grain translates by its own diameter. The difference in
behavior between small D and large D is quite striking: for small D, many grains often come to a
near complete stop before the flow resumes again. For large D, there is also significant collective
behavior, but the ensemble velocity instead fluctuates between periods of fast slow and periods of
slow flow. Clearly the flow is more intermittent for small D than for large D. The important time
scales are not abundantly clear in these plots. We now consider the best way to characterize that
intermittency.
The simplest measure to describe the collective behavior of the grains in the region is the
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Figure 3.6: (Color online) Vertical position of grains in the hopper near the exit over time t, where
t is scaled by the typical time d/vh for a grain to move a distance of its diameter d downwards. All
of the grains shown are within a square region of dimensions (D + 2d)× (D + 2d). The bottom of
this region is a vertical distance D/2 from the slit and is centered about the center of the slit, x = 0.
The dynamics of the grains vary substantially with slit width D: for small widths, the grains will
often come to a rest for a period of time before flowing again. For large D, the ensemble speeds
do not fluctuate as much and are never observed to approach zero.
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Figure 3.7: (Color online) Behavior near the exit region for two hoppers with different slits widths
of D = 8.6 mm (left) and D = 18.2 mm (right). Particles are in a square region near the exit
with dimensions (D + 2d) × (D + 2d). (a,b) Vertical position y of grains over time, as shown in
Fig. 3.6. (c,d) The component vL of the individual grain velocities vi (t) over time. The ensemble
velocity vE,L ≡ 〈vi,L (t)〉i is overlaid as a thick black curve. The horizontal dashed line indicates
the average vL over all time. (caption continued on next page)
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Figure 3.7: (continued) (e,f) Signed Kolmogorov-Smirnov statistic DKS (t). The statistic char-
acterizes the deviation of the velocity distributions at time t with the velocity distribution for all
time. When DKS (t) ≈ 0, the velocity distribution at time t is very similar to the distribution over
all time. When DKS (t) > 0, the grains are moving slower than typical, and when DKS (t) < 0,
the grains are moving faster than typical. We therefore classify the behavior at time t as “fast”
or “slow” by the sign of DKS (t). (g,h) The p-value for the test statistic |DKS | as a function of
time for the intermittent case and the steady case, respectively. Standard significance level of 0.05
is indicated by the horizontal dashed lines. In both (g) and (h), the substantial excursions of DKS
beyond zero are statistically significant.
ensemble velocity, or vE(t) ≡ 〈vi(t)〉i, where the average is taken over all i particles in a region
of interest at time t. Here, we consider the component of this ensemble velocity in the direction
of the average flow, or the longitudinal velocity: vL = v · vˆh. In Fig. 3.7c,d, we display both the
individual vi,L and the ensemble vE,L over time for a highly intermittent case (c) and a case with
little intermittency (d). Not only is the granular temperature larger, but the relative ensemble
velocity fluctuations are larger for smaller D.
The average ensemble velocity is helpful for describing the intermittency of the collective be-
havior, but it does not provide the full story. We wish to understand how the collective behavior
as a whole differs from one time to another. For example, heap granular flow exhibits extreme
intermittency with characteristic on/off time scales [34]. We hypothesize that the velocity distri-
butions during the “pause events” seen in Fig. 3.7a,c are characterized by qualitatively anomalous
velocity distributions.
To test this hypothesis, we calculate the Kolmogorov-Smirnov (K-S) statistic DKS comparing
the velocity distribution Pt(vi,L) at time t with the distribution over all time P (vi,L) [53]. The
two-sample Kolmogorov-Smirnov statistic is defined as the maximum distance between the sample
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Figure 3.8: (Color online) Probability distribution function of the signed Kolmogorov-Smirnov
statistic DKS(t), for various slit widths D. Data are for the square region near the exit, as shown
in Figs. 3.6 and 3.7, with dimensions (D + 2d) × (D + 2d). Times where DKS(t) < 0 or > 0
can be classified as “fast” or “slow”, respectively. The curve with D ' Dc is indicated as a
black line with heavier weight. The growing magnitude of DKS(t) for small D indicates that the
velocity distributions at any given time are less similar to the global velocity distribution, a signal
of growing intermittency.
cumulative distributions. When its magnitude is near unity, the distributions are very dissimilar.
if it is near zero, then the distributions are similar. We add an additional tweak to this measure by
determining the signed K-S statistic DKS . This is identical to the K-S statistic described above,
except that it is negative when the vL,i(t) distribution is greater than the distribution for all the
data. The result is shown in Fig. 3.7e,f, respectively. Contrasting these two, it is clear that more
intermittent flow is characterized by a greater heterogeneity of the velocity distributions over time.
We can confirm that this behavior is statistically significant by calculating the p-value of |DKS |.
This is shown in Fig. 3.7g,h as a function of time, where the standard definition of significance at
p < 0.05 is indicated by the horizontal dashed lines. The periods during which the flow deviates
substantially from typical behavior (large |DKS |) are seen to be statistically significant (p < 0.05).
The intermittency as a function of opening size D is made more clear in Fig. 3.8, which shows
the the probability distribution of DKS for various slit widths D. When D is smaller, the velocity
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distributions at any given time are more likely to deviate from the long-time velocity distribution,
as seen by the larger distribution in the magnitudes of DKS . Note also that for all slits there is a
minimum value of |DKS |: at all times Pt(vL) deviates significantly from P (vL). We can therefore
consider the collective particle behavior at any time t to be either “fast” or “slow”, depending on
the sign of DKS .
For any slit width, we classify a given particle velocity vi,L(t) as “fast” or “slow” if DKS(t) < 0
or > 0, respectively. The separate distributions for the particles at fast or slow times are shown
in Fig. 3.9 for several different D. When D is small, P (vL) is very different for the fast and the
slow cases. As seen in Fig. 3.7c, the ensemble velocity switches between “flowing” and “paused”
states. However, for larger D, the distributions are much more similar, and flow typically switches
instead between “fast” and “slow” states.
Finally, we identify the time scales associated with this intermittency. The autocorrelation
functions of vE,L(t) and DKS(t) are calculated and displayed in Fig. 3.10(a) and Fig. 3.10(b),
respectively. We define the time scale τe of the autocorrelation function as the value of τ at
which the autocorrelation function has fallen 1/e of the distance from the value at τ = 0 to the
baseline ∗. Dividing τe by the characteristic time of grain motion at the exit d/vexit, we see in
Fig. 3.11b that the intermittency time scale is unsurprisingly identical to the time scale of the
exiting grain motion. There is no diverging time scale associated with intermittency. In fact, the
time scale for intermittency is simply set by the sampling rate of the clogging process.
However, the magnitude of the intermittency, evident in the difference between the y-intercept
and the baseline of the autocorrelation plots of Fig. 3.10, does increase for flows more prone to
clogging. This is illustrated in Fig. 3.11(c). However, note that there is no kink in this quantity in
the clogging transition. Alternatively, intermittency could be quantified by the absolute value of
DKS rather than its standard deviation. The measure has the advantage in that its significance
can be readily evaluated, as detailed in Ref. [53]. The average values of |DKS |, as well as the
∗Equivalently, τe of the autocorrelation function Cx(τ) of some quantity x can be found by Cx(τe) = σ2x/e+x2.
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Figure 3.9: (Color online) Distributions of the individual particle velocities vi,L(t) for several
different slit widths D in the region near the exit. The region has dimensions (D + 2d)×(D + 2d).
Red solid curves indicate the distributions over all time: they are characteristically more skewed
for slower flows more prone to clogging. The distribution of the individual velocities during “slow”
times, when DKS(t) > 0, are shown as dashed blue curves, and for “fast” times, when DKS(t) < 0
as dotted green curves. For large opening sizes D the velocity distributions are similarly gaussian
in character. However, for small D the distributions during slow periods increasingly deviate
from the fast velocity distributions, including larger probabilities of velocities that are zero or even
opposite the direction of the mean flow (vL < 0).
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Figure 3.10: (Color online) Autocorrelation functions of (a) ensemble velocity vE,L(t) in the di-
rection of the mean flow and (b) the signed Kolmogorov-Smirnov statistic DKS(t), where examples
of vE,L(t) and DKS(t) are shown in Fig. 3.7c,d and Fig. 3.7e,f, respectively. These are shown
here only for the region near the exit, with dimensions (D + 2d)× (D + 2d). The autocorrelation
function time scales grow slowly with decreasing D. The curve with D ' Dc is indicated by a black
dashed line with heavier weight. The time scales and magnitude of the fluctuations are shown in
more detail in Fig. 3.11.
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average values of the p-values, where the averages for both are taken over all time, is shown in
Fig. 3.11(d). As with σ2DKS , |DKS | grows steadily with decreasing opening size. Additionally, the
p-values for |DKS | are greater for smaller D as well, indicating that the growth of |DKS | is not a
systematic effect due to smaller number of grains in the sampled region.
Finally, we may also describe intermittency by examining how the velocity distribution of grains
during the “slow” events changes with D (blue dashed lines in Fig. 3.9). We do this by calculating
the excess kurtosis of these distributions, and plot in Fig. 3.11(a). The slow velocity distributions
deviate substantially from gaussian as D decreases. However, as with the fluctuations, there is no
signature of Dc in this behavior.
3.5 Intermittency and height dependence
Finally, we extend our analysis of the intermittency to regions far from the exit. To do so, we
evaluate large rectangular regions centered about x = 0. These are not the same bin sizes as
displayed in the heat maps; in order to have sufficient statistics, we require that the average
number of different particle configurations be approximately 400. We plot the kurtosis of the
longitudinal velocity vL in Fig. 3.12(a). Following a similar trend as that shown in Fig. 3.11,
we now see that the non-gaussian character of the velocity distributions grows everywhere in the
hopper as D → d. We also evaluate the autocorrelation time scale τe for DKS at different y, and
scale the result by d/vh(y). Shown in Fig. 3.12(b), this demonstrates (in parallel with Fig. 3.11(b))
that nowhere is there an intermittency time scale longer than the inverse of the local average flow
rate. As with the kurtosis of vL, we find that the relative fluctuations σ
2
vE,L are a monotonic
function of the slit width D (Fig. 3.12(c)).
Finally, the intermittency measure σ2DKS is displayed in Fig. 3.12(d). Here, we see clearly that
the intermittency grows with the increasing likelihood of clogging. However, the height depen-
dence of σ2DKS is less clear. It appears that perhaps for large holes, the flow is most intermittent
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far from the opening, while the reverse may be true for very small D. This demonstrates that
the Kolmogorov-Smirnov statistic is a unique intermittency measurement which provides infor-
mation not accessible from the instantaneous velocity distributions such as the kurtosis, skewness,
or δv/vh. However, more extensive data may be needed to clarify the details of intermittency
everywhere in the hopper.
3.6 Conclusion
In conclusion, we have demonstrated that there is no change in behavior in granular flow near the
expected clogging transition. Granular temperature δv/vh, skewness in velocity, and intermittency
magnitude σDKS all grow for flows more prone to clogging. However, there is no signature of the
clogging transition in any of these measures. This supports our suggestion in Ref. [65] that there
is in fact no well-defined clogging transition, and that Dc is simply a hole size at which the
probability for a flow to clog on laboratory time scales disappears.
We have proposed what we believe is a useful new measure for quantifying intermittency and
the tendency for flows to fluctuate between different parent velocity distributions. While in this
case we simply considered the alternation between fast and slow flows, this method can easily be
generalized to encompass more complicated cases.
Finally, we find no evidence of a distinct intermittency time scale anywhere in the hopper,
either in the ensemble average flow rate vE,L(t) or the intermittency DKS(t). The time scales for
both of these quantities to is identical. For both, the longest time scale anywhere in a hopper of
a given hole size D is d/vexit, the rate at which grains move by their own diameter in the exit
region. Significantly, there is no evidence of a diverging time scale, either as D → Dc or D → d.
Hoppers with smaller hole sizes are not closer to jamming. Rather, hoppers with smaller hole sizes
are more likely to fall into a jammed state due to the smaller number of grains at the exit that
are required to be “pre-clogged”.
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We previously demonstrated that clogging is a Poisson sampling process independent over times
greater τ0 ∼ d/vexit. Together with the lack of a long time-scale for intermittency, this means that
one cannot predict a clog with advance notice greater than τ0 by investigating the system dynamics.
However, these results are for flows whose intermittency is set by the sampling behavior at the exit.
It would be instructive to expand this analysis to cases with other sources of intermittency, for
example, where interaction between the grains and the interstitial fluid contribute to intermittency.
Do these other cases of intermittency coupling provide the necessary memory in the system to
break the Poissonian nature of the sampling?
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Figure 3.11: (Color online) Signatures of intermittency for the square region near the exit of
dimensions (D + 2d)×(D + 2d). The value of Dc, as found in Fig. 3.1 and Eq. (3.1.1) is displayed
as a vertical line with a grey band indicating the confidence intervals of Dc. (a) Excess kurtosis
of the longitudinal velocity during slow (blue circles), fast (green triangles), and all (red squares)
times, as a function of slit width D. Fast or slow times are classified according to the sign of
the signed Kolmogorov-Smirnov statistic DKS. For smaller D, the difference between the shape
of the slow or fast velocity distributions is much larger, and there is a more sharply pronounced
difference between the fast and the slow states. Error bars in y are smaller than the displayed data
points. (caption continued on next page)
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Figure 3.11: (continued) (b) Time for the autocorrelation functions (Fig. 3.10) of the ensemble
velocity vE,L(t) and the signed Kolmogorov-Smirnov statistic DKS(t) to decay 1/e of their initial
values above the baseline, scaled by the time that exiting grains move by their own diameter. (c)
Fluctuations of vE,L(t) and DKS(t), as determined by the variance of these quantities (alterna-
tively, the difference between the y-intercept and baseline in Fig. 3.10). (d) Average value of DKS
(black squares, left axis) and significance (red triangles, right axis). Larger values of 〈|DKS |〉
indicate more intermittent flows. The significance of DKS is found as the p-value, with average
signifcance plotted on the right. Even though the sample exit regions are smaller for smaller slit
widths, the significance of |DKS | is greater (smaller p).
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Figure 3.12: (Color online) Plots of various quantities for regions within the hoppers as a function
of vertical position y and hopper opening width D. The curves with D ' Dc are indicated by black
dashed lines with heavier weights. (a) Excess kurtosis of the longitudinal velocity vL distributions,
as a function of opening size D and position in the hopper y. When the opening size D is smaller
and the distance from the aperture is larger, the velocity distribution deviates farther from gaussian.
(caption continued on next page)
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Figure 3.12: (continued) (b) Autocorrelation time scale τe for DKS(t), scaled by the average time
it takes for a grain to shift by its own diameter d at location y. Relative to the time scales of the
average flow speed vh, the intermittency time scale grows for small y and large D. (c) Fluctuations
in the ensemble velocity vE,L scaled by the hydrodynamic velocity vh, for all y. (d) Fluctuations in
DKS. The fluctuations in the signed Kolmogorov-Smirnov statistic follow a different pattern for
small D than for large D: for hopper highly prone to clogging, the most intermittent flow is near
the exit. For hoppers unlikely to clog, the most intermittent flow is far from the exit.
73
Figure 3.13: (Color online) Photo of a typical arrangement of the camera (far left), lamp (far
right), and hopper (middle-right).
3.A Technical Appendix for Chap. 3
3.A.1 Imaging
In the quasi-2D hopper we only seek to image the layer of grains at the layer closest to the wall.
We therefore dispense with the more complicated technical three-dimensional imaging solutions.
In order to restrict the imaging to a narrow focal plane, we use a Nikon AF Micro-NIKKOR
105mm macro lens. The f -ratio used was 2.8, to have as narrow a depth of field as possible The
camera and lens are located about 75 cm from the hopper walls. Fig. 3.13 illustrates how the
camera, hopper, and lamp are typically arranged.
Central to our analysis is the measurement of the instantaneous velocity of the particles. In
order to do so, we must measure the particle positions at a faster rate than their typical collision
times. Viewed on a plot of mean squared displacement, the motion must be ballistic, that is,
∆r2 ∼ ∆t2.To operate at such short time scales, the frame rate of image acquisition must be
very high. I used a Vision Research Phantom v9.0 camera, operating at 1000 frames per second.
This is sufficient for finding the instantaneous velocities. Fig. 3.14 demonstrates that this is fast
enough, and that the motion of the grains is ballistic at the short time scales that we measure.
However, when operating at such high frame rates, the exposure time is necessarily very low.
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2Figure 3.14: (Color online) Typical squared displacement of tracked particles, in the horizontal (x,
red circles), vertical (y, blue squares) directions. Also overlaid is the mean squared displacement
in the region with the mean flow vh subtracted (green triangles). At short time scales, the motion
is ballistic. At longer time scales, the motion begins to transition to super-diffusive. However,
such long-time behavior is outside the scope of this work because the grains leave the region before
they can fully diffuse.
While the Phantom allows for various dynamic exposure times, it is wisest to choose a constant
exposure time. In this case, I have used 940 µs exposure time. This is near the high end of
exposure time permitted by the frame rate of 1 kHz, but is still short enough that the particles
do not move a significant distance within the exposure period.
Because the exposure time is so low, a very large amount of lighting is required. Illuminating
the hopper from the same side as the camera provides ample light, but the particles cast shadows
on each other which can not easily be analyzed. Instead, I chose to illuminate the grains from
behind the hopper. That way, all the grains closest to the walls appear as dark, with sharp
outlines.
The disadvantage to this approach is that it requires a powerful light source. We used a
Northstar 250W halogen lamp. The vendor (Vision Research) claims that the lamp’s IR filters
reduce heating. Nonetheless, there can still be significant heating of the hopper if left on for long
periods of time (as evident in some warping on the back side of the hopper). However, all the of the
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experiments presented here are for short periods of time, where this was not significant. Another
disadvantage to this lighting is that the illumination is uneven. There is not a great variation
of illumination within a particular movie, and it is readily addressed with proper post-processing
of the images. However, a future researcher on this apparatus may wish to find a more elegant
solution for the lighting.
3.A.2 Particles
The imaging solution described above requires opaque particles. Transparent grains (such as the
glass spheres used in the preceding chapters) will reflect and refract the light in a complicated
way such that it is difficult to track identify their centers. Reflective metal particles are far too
heavy and expensive to fill a three-dimensional hopper. Instead, we have used dry, white mini
tapioca spheres. These were purchased from The Head Nut, a grocery store in Ardmore, PA. They
are monodisperse and do not age significantly over many experimental runs. They may become
unreliable under extreme swings of humidity, but we have not observed any effect of humidity in
the experiments (all experiments have the temperature, humidity, and time recorded in my lab
notebooks).
3.A.3 Particle Tracking
There are several stages to finding the particle positions and velocities: (1) pre-processing images
(2) finding particle centers (3) linking particle positions into trajectories and (4) determining
particle velocities from the trajectories.
To process the images, I use a series of ImageJ/FIJI commands. ImageJ is a very powerful
imaging program that excels in processing large image stacks in parallel. My custom commands
are gathered together in the shell script named prS35T01Stat.sh. Note that to use this script,
you must first open it and change the base variable declared on line 2. In the first stage of image
processing, the local variation in lighting is filtered out. This is done by first calculating the mean
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filter. The radius is set to be somewhat larger than the radius of the particles, 50 px. To alter this
default, modify the value in line 3 of the ImageJ macro preEDM test2.ijm. This filtered image
is then subtracted from the original image, and the result is binarized with a threshold of zero.
Finally, to eliminate any stray internal pixels inside the particles, the close operation is performed.
Next, we proceed to determine the Euclidean distance map of the binary image. (Many thanks
to Jennifer Reiser for this idea!) This returns a matrix of values indicating the nearest distance
from each point within a particle to its edge. Currently, this process as implemented returns a
32-bit floating point value at each pixel. This may be overkill: I have not evaluated the effect on
the particle tracking accuracy if lower precision is used.
These distance maps are fit to expectations for circular particles. However, to optimize the
fitting, we must first seed guesses for the particle locations. These guesses are the final step of
the post-processing in ImageJ, and are done using the “Find Maxima” tool. The details of this
algorithm are somewhat opaque, but it does a good job locating the centers of all the particles
within a pixel or two. A noise threshold must be specified, but its exact meaning is not clear.
Using a value of 8 has provided reliable results. The value can be changed by altering line 12 of
max test2.ijm. There are certainly more clear methods of determining first-order guesses of the
maxima location, but I am not aware of any which perform as quickly as this ImageJ macro.
Please note that the shell script that I have written places a very heavy demand on hard drives:
I have already burned through two. It is highly recommended that the algorithms be revised so
that more information is passed in memory rather than continually reading, writing, and deleting
tens of thousands of files to a disk.
For circular particles, the distance map is a right cone:
z2 = R2 − [(x− xc)2 + (y − yc)2] , (3.A.1)
where z is the pixel value at a given coordinate (x, y), (xc, yc) is the center of the particle of
radius R. The fitting of the distance maps is done in IDL, and procedure used for the fitting
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Figure 3.15: (Color online) Particle positi ns y(t) (top) and velocities vy(t) (bottom) for a single
particle. The original particle positions are indicated by the black circles. Fits of the positions
to a weighted parabola are indicated by the colored points on the top, for different choic s of the
number of points to fit over. The velocities determined from these fits are displayed on bottom.
Fitting over 7 ms retains the important features of the velocity over time while reducing the noise.
is cct pretrack4.pro. The procedure returns the particle centers, radii, and other parameters
given in the documentation. This is a modified version of feature-finding software written by David
Grier, John Crocker, and Eric Dufresne [15]. A single “gdf” file is produces with the IDL data
for each frame. These can then be simply concatenated together in a single file. In my accessible
data, all of these data with particle locations are indicated by the prefix “pt”.
After this point, the procedure for tracking particles is similar to that done with any position-
time data of particles. I use an un-modified version of the most recent track.pro available on
Eric Weeks’s website [13]. Since the particles move a small distance between frames compared
with their spacing, the linking of trajectories is somewhat simple. All of my data with the linked
trajectories are in files with the prefix “t”.
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Finally, we determine the velocity of the particles by fitting the trajectories to a polynomial. In
our case, we fit the seven points about t = t0 to a 2nd order polynomial. The points are weighted
as:
w(t, t0) =
1− 19 (t− t0)
[δx(t)]
2 , (3.A.2)
where δx(t) is the error in finding x at time t from the feature-finding process described above.
An example of this method, for evaluating different options for number of points to fit over, is
shown in Fig. 3.15. There, we show that fitting over 7 points is the optimum choice for reducing
noise while retaining physical velocity fluctuation data. The velocities are appended to the data
and saved as files with a prefix “v”. For this method, I used a modified version of a procedure
written by Greg Voth [74].
Future researchers do not need to get a license of IDL to access my data. I have written a
simple Python script, read gdf.py which will read in any of the gdf files as a numpy array. Note
that you may need to check the row-column convention!
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Conclusion
In conclusion, the work presented in this dissertation significantly advances our understanding of
clogging in granular media. Prior descriptions of clogging in three-dimensional systems often relied
on ad-hoc determinations of clogging transitions and resulted in transition forms with bizarre and
inconsistent exponents. The work presented here starts with a mapping of a clogging transition
but ends with a more robust model of clogging, providing a description of clogging that is both
predictive and universal for all spherical, repulsive grains.
To do this, we first determined the form that a clogging phase diagram would take, marking
out the regions in parameter space between flow which will never clog and flow which will always
clog. In doing so, we find several important characteristics of clogging. First, we found that
clogging behavior is the same for a wide variety of material shapes. The distributions of mass
m that is discharged before a clog occurs follows the same distribution whether the materials are
glass spheres, beach sand, rice, or lentils, and independent of the orientation θ of the hopper.
Furthermore, the distributions are the same for all materials discharged from a slit, although they
are somewhat different than from a circular hole. This suggests a profound universality to the
clogging process, that it is identical even with very perturbed geometries.
We similarly found that the manner in which the average mass 〈m〉 discharged before a clog
occurs grows with aperture size D is similar for all these classes of materials and openings. All can
be fit to a divergent power-law, with exponents of 5 for the circular hole and 2 for the slit. This
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again is remarkable, and demonstrates the universality and simplicity of clogging behavior. Finally,
we showed that the transition point at which the flow is never observed to clog on laboratory time
scales is a simple function of the aperture area projected in the direction of the average exiting
grain velocity. (The only exceptions being the rice and lentils discharged from a long narrow slit).
Building on this success, we propose a more fundamental measure for quantifying the clogging
behavior of a system: the fraction F of configurations which will lead to a clog. We developed
a method to simply measure this based on 〈m〉. And we found for circular grains that F is a
function only of Aeff . Not only that, but by evaluating F , we discovered that rectangular slits
behave as a set of independent holes, i.e., Fslit = [Fhole]
(4/pi)L/D
. In this picture, clogging is the
sampling of random configurations near the exit for stability. If a configuration is stable, then the
hopper clogs; otherwise, the flow continues to sample new configurations at a rate 1/τ0 = vexit/`,
where we found ` = 0.75d to be the sampling distance.
Finally, we developed a model for clogging in which the only requirement for the grains in the
region to clog is that they must all, independently, be in a “pre-clogged” state. We determined
that the number of grains which therefore participate in clogging goes as N ∼ (D/d)α, where α is
the dimensionality of the system. Furthermore, it appears that clogging is in fact always possible,
and that the clogging transition is a laboratory observation threshold.
Finally, we concluded with work on the dynamics of hopper flows. We looked both near and
far from the exit, and for a range of D both above and below Dc. We presented detailed maps of
the effective granular temperature and the anisotropy of the flows. In all cases, the fluctuations
became more significant for smallerD, but with no discernible kink or discontinuity at the expected
Dc. We also developed a new measure for quantifying intermittency, based on the Kolmogorov-
Smirnov statistic DKS . We demonstrated that the intermittency near the exit increases for flows
which are more susceptible to clogging. However, neither DKS nor average ensemble velocities
displayed any intermittency on time scales longer than τ0.
Taken together, these results all present compelling evidence for the picture of clogging given
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by the model in Section 2.5. We can now accurately predict the full distributions of time to clog
for any given spherical grain, given the aperture size and aspect ratio and the diameter, bulk
density, and angle of repose of the granular material. However, there are still some outstanding
questions. What happens with different material shapes? Is ` set by the long or the short axis?
What is the nature of the complex interaction between the anisotropy of the slits and the lentils
and rice? Furthermore, what are the actual grain microstates that lead to stability? Future work,
both experiments and simulations, should consider evaluating the relative importance of particle
arrangements, momenta, or force networks. Finally, with this more complete understanding of
the process of clogging, we suggest that future work evaluate clogging in the context of jamming
fronts. Results on such systems will further expand our understanding of jamming and disordered
systems far from equilibrium.
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